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Ynyxoeuw B. . JlocnimKeHHST TePMOJIMHAMIYHIX BJIACTUBOCTEH Ta dazo-
BUX CTaHIB YJIbTPAXOJOJHUX (PepMi-ra3iB 3 BUCOKUMU CIIIHOBUMU CUMETPISIMU B
ONTUYHMX I'paTkax. — KpaJsidikalliiiHa HayKoBa IIpalld Ha IIpaBax PYKOIIUCY.

HucepTaliist Ha 3700yTTsl HAYKOBOI'O CTYIIEHsI JOKTOopa (bijsiocodil 3a crerri-
asbricTio 105 Tlpuknagna disuka i nHanomarepiamn (10 Ilpupogandi Haykm). —
XapkiBcbknii namionajapanii yuipepcutet imeni B.H. Kapasina, Xapkis, 2025.

Jucepranig mpucBgYeHa JOCTIIKEHHIO HU3LKOTEMIIEPATypPHUX PIBHOBa-
JKHUX BJIACTUBOCTEN B3a€MOMITHUX (epMi-raziB, 10 3HAXOASIThCs B IIPOCTOPOBO-
NePIOJIMIHNX TOTEHIlaJaX I'PaTOK Ta MaloTh HelepepBHI BUCOKI CUMeTPil B
CIIIHOBOMY IIPOCTOPI; B paMKaX IIPOBEJICHNX TEOPETUIHNX JOCTIIZKeHb BU3HAYEHO
BILJINB $IBHOT'O IOPYIIEHHS HENEePEPBHUX CUMETPIl Ta IIPOCTOPOBOI aHI3OTPOIIT
TPUBUMIPHUX I'paToOK Ha (a30Bi Iepexojin Ta THUIN MarHITHO-BIOPSIKOBAHIX
CTaHIB y TaKUX CUCTEMax.

Y BCTyHi KOPOTKO OOIDYHTOBAHO aKTyaJIbHICTHL TEMU JucepTallil, BU-
3HAUYEHO MeTy Ta OCHOBHI 3aBJlaHHs JOCJIJIZKEHHS, TaKOyK 00 €KT, NpeJIMET Ta
MeToau gocikents. ChopMyIL0BAHO HAyKOBY HOBUBHY Ta IPAKTUIHE 3HATEHHS
OTpuUMaHuX pe3y/bTaTiB. HaBemeno BijoMocTi npo myOJIiKaIil, ocoOnCTmil BHECOK
3j00yBada Ta amnpodaliifo pesysabrariB gaucepranil. Takoxk mpubejeHi BiIOMOCTI
PO CTPYKTYPY Ta 00CAT JiHcepTalliitHol POOOTH.

Po3ain 1 npucsdeHo oris iy Ta aHaji3y JITepaTypu 3a TEMOIO JIcepTallil.
Y 1bOMY PO3JiI PO3MVISHYTO (Di3WYHI ACIeKTH KBAHTOBUX CHUCTEM OaraTbox
JACTUHOK 1, 30KpeMa, YJIbTPaxXoJOJHUX Tas3iB, JJO0 AKUX PO3BUHYTO IOIAJIBIITY
METOJI0JIOTI0 TEOPETUTHOIO OIUCY. Y Bary MpHIiIeHO HeoOXiHOCTI MOan(iKyBaTH
1JIXO/IN JIJTs1 BpaxXyBaHHs BILJINBY TPOCTOPOBO-IIEPIOANYHUX TOTEHITIAIB 1 HAIaHO
OIJIsiJl OCHOBHUX THIIB 0araro4acTUHKOBUX CTaHIB y Takux cucremax. HapejeHo
OCHOBHI KPOKH JIJIsI OTPUMAHHSI BUXiAHOI Mojesai ['abbap/ia, sika HEOOXITHA JIJIsI
MOJIAJTBITIOrO aHaJIi3y. PosrisnyTo dgpopmastisM Teopii 30ypeHb i3 3aCTOCYBAHHAM

neperBopenb [piddepa-Boabda a1 BUNAJKY CUIBHOTO 3B'S3KY, a TaKOXK



0co0JIMBOCTI ommcy 0e3 3acTocyBaHHsl Teopil 30ypeHb 3a JIOIOMOI0I0 YMCJIOBOIO
AJITOPUTMY JIMHAMIYHOI Teopil cepeIHbOIO TOJIS.

Po3ain 2 mnpucsgaueno jgetajbHOMY aHasi3y e@eKTiB MartiTHOIO BIIO-
psiikyBantst B SU(4)-cumerpudaux depmi-ra3zax 3a HU3bKHX TEMIEpaTyp y
HaYBEpPTH3AIIOBHEHIN HaliHMK4iil 30H1 onTrdHOI TpaTku. [Ipugineno ysary npun-
[UTIOBIH BIIMIHHOCTI JIOC/IJI2KYBAHOI CUCTEMU B1JI BUITQ IKY HalllB3aIllOBHEHOI 30HU,
Jle MarHiTHe BIOPSAJIKYBaHHS Ha KBaJpaTHiil abo KyOiuHill T'paTii He 3a3Ha€
edexTiB reomeTpudHOl (bpycTpaliil, a MarHiTHe BIOPSIKYBaHHS BiJIOYBa€ThCs 34
BIIHOCHO TIPOCTHM JIBOIIAIPATKOBUM cIleHapieM. Y JOCTIZKyBaHiil cucTemi B
IPAaHUYHOMY BHUIIQJIKY HYJbOBUX TeMIIEPATyp Ta MOMIDHUX aMILITYJ B3a€MOJIiil
MOYKe BiJIOYBATUCH TaK 3BaHe IJIaKETHE MAarHiTHE BIOPSIKYBAHHS 31 301IBITCHOIO
eJIeMeHTaPHOI KOMIPKOIO MTOPIBHSIHO 3 JBOIIATIPATKOBUMEI TUIIAMU BIOPSIKYBaH-
Hsl. 3 MeTOIO0 HABEJEHHS KLIHKICHUX OIHOK JIJIsi €KCIIePUMEHTAIbHUX peaslizalliii
3 YABTPAXOJOJHUMI Tas3aMWl HeHTpaJbHIX aTOMIB CTPOHINIO-87 abo iTepbhito-
173 mpoBejieHo KiIbKICHUIT aHasi3 KPUTUIHUX 3HAYEHb €HTPOIl, 10 HeoOXiTHi
JIIS JIOCATHEHHS PI3HUX THUIIB MarHITHO-BIOPSJIKOBAHUX CTAaHIB y FapMOHIYHUX
MOTeHIiaIaX ONTUYHUX I[MACTOK, IO YTBOPIOIOTHCS CIEiaJbHO HAJJIAIlITOBAHUMU
JlazepaMu.

Y po3aii 3 HaBeJeHO pe3yJabTaTH JIOCTIIKEHHS BILIUBY ITPOCTOPOBOI
aHI30TPOINT TPUBUMIPHOI KyOIYHOI I'PATKNM Ha HU3LKOTEMIIEPATYPHI MArHITHO-
BrIopsijikoBaHi a3osi cranu. I[lokazaHno, Mo B IpaHMIHUX BUITQJIKAX BiJIOKPEM-
JIEHUX TLJIONIUH 3 KBa/IPATHOIO T'€OMETPIEI0 I'PATKM Ta 130TPOITHOI KyOITHOI I'DaTKH
MOyKe BiJIOYBATUCh MarHITHE BIOPsJIKYBaHHSI 3a PI3HUX CIleHapiiB. 3a3HaUYeHO,
0 He Bci Mar”iTHi (pas3m MOXKyTh OyTH IO€HAHI HEIIEPEPBHUM YMHOM 38 3MIHU
AMILIITYI TYHEJIOBaHHS MiK JIBOBUMIPHUMU ILJIOIIMHAMM, TOMY MOXKE CIIOCTEPI-
raTuch ricTepe3nucHa MoBe/liHKa Takux cucreM. [1o0y10BaHO ITPOCTOPOBI PO3IOILIN
I'YCTUHU aTOMIB 1 HAMarHI4eHOCT1 B TapMOHIYHOMY IOTEHIlia/l ONTUYHOI TacTKU.

Po3ain 4 npucesgdeno BuBegeHHio epeKTUBHUX CIIHOBUX MOJeIeil Ta
JIOCJILJIZKEHHIO eHePreTUYHUX CIEKTPIB 1 TePMOINHAMIYHUX XapaKTEPUCTUK TOTH-

PUKOMIIOHEHTHUX (pepMi-ra3iB y BUIIAIKAX IBHOI'O HOPYIIEHHs CIIHOBOI CHMETPil



SU(4). [IpoanasizoBano enepreTndi cranu Ta eeKTUBHI MAMHITHI cTaJI B3aeMO-
JIT y BUIQJIKAX, KOJIM YOTUPU B3AEMOJIIITHI CIIIHOBI KOMIIOHEHTH B I'aMlJIbTOHIaHI
['abbapa He3aIe:KHO YTBOPIOIOTH TMIJANPYIN CHUMETPIl THIY «TPU Ha OJIUH»
abo «JIBa Ha JiBa» BIJIIIOBIIHO JI0 IX aMILIITYJ TyHEJIOBaHHA ab0 B3aeMOJII, i
BUBYEHO IOBEJIIHKY BIANOBIIHUX edeKTuBHUX Mojeseil [eitzenbepra B rpaHunii
cuJibHOI B3aeMoyIil. OTpUMaHO Ta IPoaHaJi30BaHO IIPOCTOPOBI PO3IOIIN I'YCTUHN
CIIHOBUX KOMIIOHEHTIB Y TapMOHIYHIN ONTUYHIIl MacTIl I KOXKHOT'O BUIAJIKY
sIBHOT'O TIOPYIIEHHS CUMETPII.

HaykoBa HOBHU3Ha JuCEpPTAIiTHOI POOOTH TOJIATAE Y TAKUX 11 pe3yIbTraTax:
1. Po3suneno TeopeTnaHMil miaxij 10 BUBYEHHS MarHiTHOTO BIOPAIKYBaHHA B
SU(4)-cumerpuanux depmi-razax 3a HI3bKIX TEMIIEPATYD Y HAUBEPTh3al0BHEH
HalHUKYIN 30HI TPUBUMIPHOI ONTUYHOI I'PATKU 3a PI3SHUX 3HAUYEHb ITPOCTOPOBOL
AHI30TPOIIT aMILIITY/IU TYyHEJIOBAHHSI.
2. Ob6unc/ieHo KpUTUYHI 3HAYEHHsI €HTPOIII, 110 HeoOXiJIHi JJIsI JIOCATHEeHHS
PI3HUX THUIB MarHiTHO-BIOPSJIKOBAHUX CTaHIB y B3aEMOJINHUX depMi-razax
31 cminoBoto cumerpieio SU(4), 10 3HAXOAATHCS B IapMOHIUHHUX MOTEHI[aIaX
ONTUYHUX TACTOK, 0 YTBOPEHI CIIelia/IbHO HAJAIITOBAHUMHU JIa3epaMu.
3. [Tokazano, 1Mo B IpaHMIHUX BUMAJIKAX BIJIOKPEMJIEHUX ILJIONINH 3 KBaJpa-
THOIO T€OMETPI€I0 I'PATKI Ta 130TpoIHol Ky6idHOT r'paTku B rasi 3 cumerpieio SU(4)
MOzKe BiIOyBaTHCh MarHiTHE BIOPsJIKYBaHHSA PI3HUX THUIIIB, IO HE MOXKYTb OyTH
MIO€JIHAH] HellepEepBHUM YUHOM, TUM CaMUM MOXKE CIIOCTEPIraTUCh TiCTepe3nucHa
MOBE/IIHKA B TAKNX CUCTEMAaX.
4. [ToGyoBaHO TIPOCTOPOBI PO3IOIIIN I'yCTUHM aTOMIB 1 HaMaruideHOCTi B
rapMOHIYHOMY TIOTEHIlla/il ONTUYHOI IacTKU 3a& PI3HUX 3HaYeHb IIPOCTOPOBOL
AQHI30TPOII] aMILIITYJIN TYyHETIOBaHHS.
D. Busejieno edexTuBHI CIIHOBI MOJIe/ Ta JOC/IIXKEHO €HePreTUIHI CIeKTPH
1 TepMOJIMHAMIUHI XapaKTePUCTUKN YOTUPUKOMIIOHEHTHUX bepMi-Ta3iB y BUIIAJI-
Kax sIBHOTO HopytieHHsi crinoBol cumerpil SU(4) 3a paxyHOK pI3HUX aMILITYI
B3a€MO/IIT Ta PI3HUX aMILITY/I, TyHe/JII0BaHHs CIIIHOBUX KOMIIOHEHTIB.

6. OTrpuMano MpoCTOPOBI POMOIIIN I'YCTHHH CIIIHOBIX KOMIIOHEHTIB Y TapMO-



HIYHII ONTUYHII MaCTIl JIJIs BUIIQ/IKIB IBHOT'O TIOPYIIIEHHSI CUMETPIl B raM1JIbTOHI-
ani @epmi—I'abbap/ia, 1m0 onucye B3aeMOIITHNI YOTUPUKOMITOHEHTHUT (pepmi-ras.

Pesynprarn manoi podoTn MaioTh pyHpaMeHTaJIbHe 3HAYEHHS I TOKPa-
IIEHHS PO3YMiHHS (DI3UYHOI MOBEJIIHKN CKJIAIHUX KBAHTOBUX CHCTEM, PO3BUHEHHS
IepeIOBUX METO/IIB TEOPETHIHNX JIOCTI/IXKEeHb, & TaKOXK 3HaYeHHd I TPUKJIa-
JIHOI'O 3aCTOCYBaHH, 30KpeMa, JIJIsi PO3POOKH Ta CTBOPEHHSI HOBUX IIPUCTPOIB JIJIsT
30epiranHs Ta 00poOKHU iHdoOpMAaIlil Ta B KBAHTOBUX O0YMCIECHHSIX.

Kuro4doBi cJjoBa: KBaHTOBI rasm, ONTHYHI I'PATKH, CIHHOBI cUMeTpIl,
CIIIHOBI MOJIeJIi, KOHCTAHTU 3B’si3Ky, IIPOCTOPOBA aHI30TPOIIisi, Teopiss 30ypeHb,
JIMTHAMIYHA, Teopisl cepeIHbOIO 10JIs, JOMIIIKa, I'YCTUHA CTaHIB, TepMOINHAMIYHI

BJIACTUBOCTI, (pa30Bi 1epexo/in, JieJIeKTPUK, IPOBIIHICTb, aHTH(EPOMArHETHK.



ABSTRACT

Unukovych V.I. Study of thermodynamic properties and phases of ultracold
fermionic gases with high spin symmetries in optical lattices. — Qualification
scientific work printed as manuscript.

Dissertation for a Doctor of Philosophy degree in speciality 105 Applied
Physics and Nanomaterials (10 Natural Sciences). — V.N. Karazin Kharkiv
National University, Kharkiv, 2025.

The dissertation is devoted to the study of low-temperature equilibrium
properties of interacting Fermi gases placed in spatially periodic lattice potentials
and posessing continuous high symmetries in spin space; within the framework of
theoretical studies, the influence of the explicit breaking of continuous symmetries
and spatial anisotropy of three-dimensional lattices on phase transitions and types
of magnetically ordered states in these systems is determined.

In introduction, we briefly outline the relevance of the dissertation topic,
define the goal and main objectives of the research, as well as the object, subject
and methods of the research. The scientific novelty and practical significance of
the results are formulated. Information about publications, the personal author
contribution and presentations of the dissertation results on the conferences and
workshops are provided. Information about the structure and scope of the thesis
is also provided.

Chapter 1 is devoted to a review and analysis of the literature on the
topic of the thesis. This section considers the physical aspects of quantum
systems of many particles and, in particular, ultracold gases, for which a further
methodology of theoretical description has been developed. Attention is paid to
the need to modify approaches to take into account the influence of spatially
periodic potentials and an overview of the main types of many-particle states
in these systems is provided. We outline the main steps for obtaining the initial
Hubbard model, which is necessary for further analysis. We show the relevance of

the perturbation theory and the Schrieffer-Wolft transformations for the case of



strong coupling. We also extend description beyond the perturbation theory by
introducing the dynamical mean-field theory (DMFT) numerical approach.

Chapter 2 is devoted to a detailed analysis of the effects of magnetic
ordering in SU(4)-symmetric Fermi gases at low temperatures in a quarter-
filled lowest band of optical lattice. Attention is drawn to the fundamental
difference of the studied system from the case of a half-filled band, where magnetic
ordering on a square or cubic lattice is not affected by geometric frustration,
and magnetic ordering develops according to a relatively simple two-sublattice
scenario. For the system under study, in the limiting case of zero temperatures and
moderate interaction amplitudes, the so-called plaquette magnetic ordering with
an enlarged unit cell compared to two-sublattice types of ordering can develop.
In order to provide quantitative estimates for experimental implementations with
ultracold gases of neutral atoms of strontium-87 or ytterbium-173, we performed
a quantitative analysis of the critical entropy values required to achieve different
types of magnetically ordered states in the harmonic potentials of optical traps
formed by specially tuned lasers.

In chapter 3 we present results of the study of the influence of spatial
anisotropy of a three-dimensional cubic lattice on low-temperature magnetically
ordered phases. It is shown that in the limiting cases of decoupled planes with
square lattice geometry and an isotropic cubic lattice, magnetic ordering can occur
under different scenarios. It is noted that not all magnetic phases can be linked
continuously with changes in the tunneling amplitude between two-dimensional
planes, therefore, hysteretic behavior in these systems can be observed. We also
obtain spatial distributions of atomic density and magnetization in the harmonic
potential of an optical trap.

Chapter 4 is devoted to the derivation of effective spin models and the
study of the energy spectra and thermodynamic characteristics of four-component
Fermi gases in cases of explicit breaking of the SU(4) spin symmetry. The energy
states and effective magnetic couplings are analyzed in cases where the four

interacting spin components in the Hubbard Hamiltonian independently form



three-by-one or two-by-two symmetry subgroups according to their tunneling or
interaction amplitudes, and the behavior of the corresponding effective Heisenberg
models in the strong interaction limit is studied. The spatial distributions of the
density of spin components in a harmonic optical trap are obtained and analyzed
for each case of explicit symmetry breaking.

Scientific novelty of the thesis lies in its following results:
1. We developed a theoretical approach to study magnetic ordering in SU(4)-
symmetric Fermi gases at low temperatures in the quarter-filled lowest band of a
three-dimensional optical lattice for different values of the spatial anisotropy of
the tunneling amplitude in different directions.
2. We calculated the critical entropy values necessary to achieve different types
of magnetically ordered states in interacting Fermi gases with SU(4) symmetry in
the harmonic potentials of optical traps formed by specially tuned lasers.
3. It is shown that in the limiting cases of decoupled planes with square lattice
geometry and an isotropic cubic lattice in a gas with SU(4) symmetry, magnetic
ordering of different types can develop, which cannot be linked in a continuous
manner, thus hysteretic behavior can be observed in these systems.
4. We obtained spatial distributions of atomic density and magnetization
in the harmonic potential of an optical trap for different values of the spatial
anisotropy of the tunneling amplitude.
5. We derived effective spin models and analyzed the energy spectra and
thermodynamic characteristics of four-component Fermi gases in cases of explicit
breaking of the SU(4) spin symmetry due to different interaction amplitudes and
different tunneling amplitudes of the spin components.
6. We obtained spatial distributions of the density of spin components in
a harmonic optical trap for cases of explicit symmetry breaking in the Fermi-
Hubbard Hamiltonian describing an interacting four-component Fermi gas.

The results of this work are of fundamental importance for improving the
understanding of the physical behavior of complex quantum systems, developing

advanced methods of theoretical research, as well as for applications, in particular,



for the development and creation of new devices for storing and processing
information and in quantum computing.

Keywords: quantum gases, optical lattices, spin symmetries, spin models,
coupling constants, spatial anisotropy, perturbation theory, dynamical mean field
theory, impurity, density of states, thermodynamic properties, phase transitions,

dielectric, conductivity, antiferromagnet.



