AHoTariga

Jlomapeuw JI. A. dndepentianbia reoMeTpist po3apoBaHuX IIPOCTOPIB 3 y3ara/ib-
HeHuMM MeTpukamu. — Kpasidikaiiiiina HayKoBa IIpalisl Ha IIpaBax PYKOIICY.

JlucepTraliisg Ha 37100yTTs HAYKOBOI'O CTYIIeHs JOKTOpa (bijtocodil 3a creliaibHi-
crio 111 — Maremaruka (I'anysp sHanbp 11 — Maremaruka ta crarucruka). — Xap-
KiBCbKHIIT HalioHabHnil yHiBepcuTeT iMeni B. H. Kapasina MinictepcrBa ocBiTH 1
Haykn YKpainu, Xapkis, 2025.

JlucepTaliito IpucBAYEHO JTOCTIIZKEHHIO METPUK PO3IIAPOBAHUX ITPOCTOPIB, IXHIX
BJIACTUBOCTEI, Ta 1X y3araJibHeHb Ha OLIBII IMUPOKUI KJIaC METPUK AKi HPU3BOJISITH
JI0 1HIIIOT reoMeTpil B IIapax 1 BChbOMY JIOTUYHOMY PO3IIapyBaHHI.

[IpupoiHOI0 METPUKOI Ha JOTUYHOMY posmiapyBanHi € meTpuka Cacaxi, reo-
MEeTPHUYHI BJIACTUBOCTI sIKOI j100pe Bimomi. Hacmpapai »k 3aragom merpuka Cacaki
Mag€ JIAIIe BJIACTUBOCTI 3arajbHOI piMaHOBOI MeTpuku, 60 Ha mapax merpuka Ca-
caki CIiBIIaJIa€ 3 METPUKOI0 06a30BOr0 MHOIOBU/LY. AJjie MOXKHA y3araJbHUTH BU3HA-
yenHst MmeTpuku Cacakxi, J03BOJIMBIIN METPUII Ha IIapax BiAPIZHSTHCS Bij 06a30BOI.
Hedopmariis merpukn Cacaki NpuU3BOJAUTH JIO 1HINOI reoMeTpil B mapax i BCbOMY
JOTHIHOMY pO3IIapyBaHii. ['0JJOBHUM MUTAHHAM, TKAM 3aiMaJIucd i 3aiiMaiOThCs
OaraTo BIJIOMHX MaTeMaTHKIiB, €: K came HOBa jedopmoBaHa MeTpuka Cacaki 3Mi-
HIOE PeOMETPI0 JOTHIHOrO PO3IIapyBaHHSs !

MeTtoto joc/iPKeHHS € BUABJIEHHs 3aJIE2KHOCTEl TreOMeTPUYHUX BJIACTUBOCTE
3araJibHUX BEKTOPHUX pPO3IIapyBaHb BiJl METPUKU HA PO3IIAPOBAHOMY IIPOCTOPI, a
TaKOK 3HAXOIYKEHHS 3B 3Ky MiK BJIACTUBOCTAMU 0A30BOI'0 MHOIOBHJLY 1 IIapiB 3a-
raJIbHOT'O PO3IIapyBaHHs, BUBUCHHS T€OMETPUIHUX BJIACTUBOCTEl TIepepi3iB 3ara/ib-
HOT'O pO3IMIapyBaHHs JJId PI3HUX TUIMIB y3araJbHEHUX METPUK.

O0’eKTOM JIOC/IIJIZKEHHST € TeOMETPUYHI BJIACTUBOCTI JIOTUYHUX PO3IIapyBaHb Pi-
MAHOBHX MHOI'OBHU/IIB Ta iX 1epepisiB 3 pisuumu jedopmarisymu merpukn Cacaxki.

[Ipenmeramu mociijKenns: € ysarajabHerHst merpuku Cacaxi, reojesnydsi JiHil

JIOTHYHOI'O PO3IIapyBaHHs, 0COOJIMBOCTI CaCaKi€BOIO MHOIOBHTY, & TaKOyK MapMOHI-



YH1, MiHIMaJIbHI Ta IIJIKOM I'€0jIe3UYHl BEKTOPHI I10JIS.

BaBIaHHAME JIOC/IIIZKEeHHS €:
e y3arajilbHEHHs cuUrap COJIITOHHOI METPUKM Ha JJOTUYHE PO3IIapyBaHHs;

® JIOCJIJIZKEHHS Te0/Ie3NIHUX JIHI{ JOTUYIHOr0 Po3MapyBaHHs 3 IIOIIIapOBO CUTap

COJIITOHHOIO METPUKOIO;

L] ,ZLOCHLZL)KGHHH FapMOHi‘IHI/IX OJVHNYIHNUX BEKTOPHUX [IOJIIB Ha OAMHWYIHOMY HO-

TUYIHOMY pO3IIapyBaHHI 31 cKpydeHoto MeTpukoro Cacaki;

e kjacudikallisg JiBOIHBAPIAHTHIX TaPMOHIYHUX OJUHUIHUX BEKTOPHUX IIOJIB,
sIKI BUBHAYAIOTh TapMOHIUHI BiIoOparkeHHsI y BUIIAJIKY BEPTHKAJIbHO MaCIITa-

O00BaHOI METPUKK Ha, OJUHUYHOMY JOTUIHOMY PO3IIApYyBaHHI;

® 3HAXO/I’KEHHsI BUPa3y [JIsl JIPYrol OCHOBHOI (pOPMHU ITiAMHOTOBHJLY, 1110 33186~
ThCsl OJJUHUIHUM BEKTOPHUM I10JIEM, B OJIUHUYHOMY JIOTUYHOMY PO3IIapyBaHH1

PIMAHOBOI'O MHOT'OBUJLY 3 g-HATYypPaJJbHOIO METPUKOIO;

® 3HAXO/I’KEHHsI YMOB, 32 sIKIX BiJIOOpasKeHHsI 1110 38/Ia€ThCsl OAUHUIHIM BEKTOPD-
HUM I10JIEM, B OJIUHUYHOMY JIOTUYHOMY PO3MIapyBaHHI pIMaHOBOI'O MHOT'OBUJLY

3 ¢-HATypPaJbHOIO METPUKOIO MOKE OYTH IIJIKOM I'e0JIe€3UTHIM.

st oc/IiJIzKeHHsT BUKOPUCTAHO METO/IM JndepeHIiaabHol reoMeTpil, piMaHoBOl
reoMeTpil, audepeHIiaJbHIX PIBHsSIHb, MaTeMaTUIHOIO aHaJIi3y, JIIHIITHOI aJredpH,
Teopil rpy1 Ta ajredop JIi.

Pozaia 1 nguceprariiiiinol poO0OTH IPUCBUYEHO OA30BUM BiJJOMOCTSIM 3 reoMeTpil
pPO3IIapOBAHUX IIPOCTOPIB, & TaKOXK Orsay Jireparypu. Hapejgeno 6a30Bi BijoMO-
CT1 3 reoMeTpil JOTUIHOI'O PO3MIapyBaHHA Ta OJMHUIHOIO JIOTUIHOTO PO3IIapyBa-
HHsI, KOHTAaKTHIX MHOroBu/iB, MeTpuknu Cacaki, BEKTOPHHUX IIOJIB Ha PIMAHOBOMY
MHOI'OBUJII sIK BiJJoOparKeHb Ta, IiJIMHOINOBUJIIB. 3POOJIEHO OIVISI] TAKUX IOHSITH, SIK
rapMOHIYHICTb, MiHIMAJIBHICTB 1 I[IJIKOM I'€0e3MYHICTh BEKTOPHOI'O II0JIsI Ta BijgoOpa-

KEHHA.



Pozain 2 jpuceprariiiinol poboTH NPUCBAYEHO y3araJibHEHIO CUrap COJITOHHOI
meTpukn Pigapyia aminbrona sik gedopwmartii merpukn Cacaki Ha JOTUIHOMY PO3-
[apyBaHHl pIMaHOBa MHOTOBUJLY.

[Ticna poBenenns Pigapaom laminbronom ta I'puropiem Ilepessmanom rimore-
3u [lyankape 3’siBujiocst baraTo myOJiiKaliil 1mo/10 reoMeTpil Tak 3BaHUX COALMOHILE
Pinig. Ix pociimpkysain 6arato MaTeMaTHKIB, cepeil sIKuX € i ykpaincbki. Ilepriim
NPUKJIa]] HEKOMIIAKTHOT'O cTaJIoro coyiitona Pivi Ha momuni Bunaiimos P. [amiib-

ToH. [leit pBOBUMIpHUIT MHOTOBI T KOH(DOPMHO €KBIBAJIEHTHUI ILJIOMIMHI 3 (DYHKITI-

1

€10 koudopmuocti f(x,y) = T

1 HABUBAETHCA cuzap coaimonom Iamisvmona.
KondopmHo eKkBiBaJIEHTHI METPUKK Ta KOHMOPMHI BijloOparKeHHsT TAKOYXK BUBYAJIN
IHIT MaTeMaTHKHU. 3a aHAJIONIEI0 3 JBOBUMIDHUM MHOI'OBHUJIOM, HPUPOIHO MOYKHA
BU3HAYNTU METPUKY Ha JIOTUYHOMY PO3IIapyBaHHI.

BBejieHo MOHATTS nowaposo (2amisvmonosoi) cuzap coaimonnoi dedopmanii
mempury Cacaxi abo nowaposo (2aminbmonosoi) cuzap corimonHoi MeEmpuKy Ha
JIOTUIHOMY pO3IIapyBaHHI piMAHOBOI'O MHOTOBH LY. BoHa € 4acTKOBUM, ajie BMOTH-
BOBaHMM, BHITQJIKOM METPUKHU siKy jociijizkyBaian A. 3arane i M. JIxkaa y cBoix
poboTax.

OCHOBHOIO METOIO JIOC/IIJIZKEHHsI € BUBYEHHS 2€00e3UMHUX JIOTUIHOIO PO3Iia-
pyBaHHsI PIMAHOBOIO MHOTOBHJIY 3 TIOMIAPOBO (TraMiJIBTOHOBOI) CHTAp COJITOHHOO
METPHUKOIO 3 (DOKYCOM Ha AOKAALHO CUMEMPUYHT MHO206UJU Ta MHO208UIU CMANOT
KpueuMy y poJii 6a3m posniapyBaHHs. ByracTUBOCTI MPOCTOPIB 31 CTAI0I0 CEKITIITHOIO
KPUBUHOIO TAaKOXK JIOC/IJZKYBAJIN 1HII YKPAIHChbKI MaTeMaTUKU.

Orpumano jindepeniiaabii PiBHAHHS HATYPAJJILHO apaMETPU30BAHUX I'€0JIe3H-
YHUX BiJIHOCHO 3B s13H0CTi JIeBi-UuBiTH nomapoBo curap coiToHHOl MeTpuku. /lose-
JIEHO, 1110 Y BUIIQJIKY A0KAABHO CUMEMPUUHOT 63U YCi 2€00e3UMHT KPUBUHU TIPOEKIT
IIOXMJIOI T€0/Ie3NTHOI Ha 0a3y € cmaiuM, 1 Y BUIAJIKY 063U 31 CMa.A010 KPUSUHON YCi
2e00e3UuMMT KPUSUHY TTOIMHAIOYN 3 TPETHOI TOPIBHIOIOTH Hy.At0. OTPUMAHO PIBHSIHHSI
reoJIe3NTHUX Ha JJOTUIHUX PO3MIapyBaHHAX IIPOCTOPIB CTAJI0I KPUBUHHU 3 MOMIAPOBO

(ramMiJIBTOHOBOIO) CHTapolo CosliToHHOW Jedopmariiero Mmerprukn Cacaxi.
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Y nucepTalliiiniit podoTi Bepiie 6yJ10 JI0C/IiIXKEHO y3araJbHeHHsI MeTPUKHI CUrap
coiToHa ['aMijbTOHA, 10 € ABOBUMIDHUM MHOIOBHJIOM, SIK METPUKK Ha, JOTUUHOMY
posiapyBaHHi. ByJio Brepiiie BBeIeHO MOHATTS "'TIOMIAPOBO cUTap COJIITOHHOI Jiedop-
marii merpukn Cacaki"(abo "momapoBo raMiJIbTOHOBOT curap COJITOHHOT MeTpuKn")
1 JIOCJIJI?KEHO Te0/Ie3UYH] JIIHIT JOTUYHOIO PO3IMIapyBaHHS 3 TaKOI METPUKOIO.

Po3ain 3 jpuceprarniitnol poOOTH IPUCBAYEHO BUBYEHHIO 20PMOHIMHUL 0OUHU-
YHUT 6EKMOPHUL MOAL6 HA OJMHUIHOMY JOTUIHOMY PO3IIAPYBAHHI 31 CKPYy4eHo1o
mempuroro Cacaxi.

Maremaruknu JI. Benap6i ta X. Eab Xenzai 3amporonyBain J0CUTH 3PO3YMIIY
nedopmarnito merpuku Cacaki nHa T'M. Is MeTpuka BKJIIO9a€ B cebe psiji IHIINX
BIJIOMHIX METPHK, 30KpeMa GePMUKAALbHO Macumabosany mempuky. BepTukaabHO
MaciTaboBaHa MeTpUKa IoTpedye 0cob/mBOl yBaru, 60 Taka jedopmaliis € OiIbIn
IPUPOIHNM y3arajbHeHHsIM MeTpukn Cacaki, Hixk ckpydeHa Merpuka Cacaxi. A ca-
Me, TeOMETPUYHO BepTUKaJIbHA MacIITabDOBaHa METPUKA 3/1IHCHIOE TTOTOYKOBY TOMO-
teruuny jgedopmariiio y mapax. Came 1iero merpukoio JI. Benap6i ta X. Eab Xemni
HA/IUXAJIICH [IPU BUBYEHI T'€OMETPil JOTUYIHOIO PO3IIapyBaHHs CKPYYEHOI METPUKU
Cacaxi.

Y cBoiit poboTi Mu BuBYaeMO cKpydeHy meTpuky Cacaki Ha OJIMHUIHOMY JIO-
TUIHOMY pO3IIapyBaHHi. ['0JIOBHOIO METOIO JOC/IiJIXKEHHS € TOMIYK JedopMalliii sKi
30epiraloTh iCHyBaHHsI TAPMOHIYHUX JIIBO-IHBApPIaHTHUX OJMHUYHUX BEKTOPHHUX IIO-
JIIB Ha TPUBUMIPHUX YHIMOJIYJIApHUX rpynax JIi 3 jliBo-iHBapiaHTHOIO METPUKOIO Ta
rapMOHIYHUX BiJI0OParKeHb, 9Kl 3a4al0ThCA OJUHUIHIM BEKTOPHHUM II0JIEM, Y BUIIAI-
Ky ckpydenol merpukn Cacaxi Ha OIMHUIHOMY JOTHUIHOMY PO3IIAPYBAHHI, BHKOPU-
CTOBYIOYHN OpTOHOpMOBaHUil periep i Kiacudikario Jxx. Misnopa. Bitsin Toro, mMu
XOUeMo onucaT i KiacudikyBaTi TAaKIX BEKTOPHUX I10JIiB Ta Bi0OparkKeHb BiJIITOBII-
Ho s1o Kaacudikamil JIxx. K. I'oncasec-/lagina i JI. Banxeke y BuIajIKy BepTUKAJIb-
HO MacIITaboBaHOl MeTpukn. TakoxK MU PO3IJIsIAEMO TaPMOHIYHI BEKTOPHI I10JIsT Ta,
BijloOpaskeHHs1 y BUIAAKY CKpydeHol merpuku Cacaki Ha OJIMHIIHOMY JOTUIHOMY

p03mapyBaHHi ILBOBI/IMipHOFO piMaHOBOFO MHOI'OBHU/LY. Biacrusocti BEKTOPHUX IIO-
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JIIB Ta BiJIoOparkeHb, SKi BU3HAYAETHCHA OJMHUIHUMU BEKTOPHUMU TOJISIME, TaKOXK
BUBYAJIN JIeAK] YKPATHChKI MaTeMaTUKU.

Orpumano HeoOXiJIHI Ta JOCTATHI YMOBU FapMOHIYHOCTI JIIBOIHBapiaHTHOTO OJTU-
HUYHOI'O BEKTOPHOI'O I10JIsI Ta, Bijgoopaxkenus M — T1 M, 1110 3a1a€ThCsI LM IIOJIEM.
OTrpumaHo HEOOXiJIHI Ta JOCTATHI YMOBH I'apMOHIYHOCTI JIIBOIHBapiaHTHOI'O OJMHU-
YHOT'O BEKTOPHOI'O 110JIsI Ta Bigobpaskenus M2 — Ty M?, 1110 3a/1a€ThCsl UM TOJIEM,
BIJIHOCHO JIESTKOT'O OPTOHOPMOBaHOro periepa. OmucaHo JiiBoiHBapiaHTHI rapMOHITHI
OJIMHUYHI BEKTOPHI 10JIsT Ta rapMoHiuHi BijoOpaxkenus G — 171G, 10 3a1a€ThCs
UM 1oJieM, Jie G — TpuBUMipHa YHIMO Y IsipHa rpya JIi 3 JTiBoiHBapiaHTHOIO METPU-
KOIO, 3 BUKOPHCTaAHHSM JIESTKOI'O OPTOHOPMOBAHOTO perepa. 3pobJieHa Kiaacugikariis
JIIBOIHBaplaHTHUX FAPMOHIYHUX OJIMHUYHUX BEKTOPHUX TOJIB, IKI BU3HAUAIOTH rap-
MOHIuHI Bizobparkenuss G — T1G, ne G — TpuBuMipHa yHIMOIyJsipHa rpyna JIi 3
JIIBOIHBapiaHTHOIO METPHUKOIO, B OKPEMOMY BHIIaJIKy cKpydeHol Merpukn Cacaki, a
came y BUIQJIKY 6EPMUKAALHO MACULMAD0BAH0T MEMPUKL.

Y nucepTalliiiaiit poboTi BIiepiie OyJ10 onucano jreopMaliil gKi 30epiraloTh iCHY-
BaHH$ FapPMOHIYHUX JI1BO-IHBAPIAHTHUX OJIMHUYHUX BEKTOPHUX IIOJIIB HA TPUBUMIP-
HUX YHIMOJyJIApHUX Tpynax JIi 3 JiBo-ilHBapiaHTHOIO METPUKOI0 Ta TapMOHIUHUX
BijIoOpazkKeHb, siKi 3a/IaI0TbCs OJMHUIHIM BEKTOPHUM TIOJIEM, Y BUIAJIKY CKPYYeHOT
MeTpukn Cacaki Ha OJMHUYHOMY JOTHIHOMY pO3IIapyBaHHi, a TaKOXK BIepiie Oy-
JIO KJacuiKOBAHO TaKi BEKTOPHI II0JIs Ta BiJIoOpaskeHb Yy BUIAJKY BEPTHKAJIbHO
MacIITabOBaHOT METPUKH.

Po3zain 4 nuceprariiitnol poboTn NpucBAIeHO BUBYEHHIO BUNIAJKY, KOJIT HENapa-
AeAbHE OJIMHIYHE BEKTOPHE 1oJjie £ Ha piManoBoMy MHOToBUjL (M, g) BU3HAYAE 130-
mempuune sanypenna £ 2 (M, g) — (T1M,G), ne G € pimanoso g-HamypasbHoo
MEMPUKOIO.

Maremarukn M.T.K. A6bacci i M. Capix M. 3ampornonyBajin JJOCUTh y3arajib-
Heny jedopwmariito Merpukn Cacaki Ha JIOTUIHOMY PO3IIApyBaHHI, a came pima-
HOBY ¢-HATypaJibHy MeTpuky. Ll mMeTrpuka BK/I049ae B cebe psij IHIINX BiJIOMUX

MeTpUK, 30KpeMa MeTpuky 4Uirepa-I'pomosta. PimanoBa g-narypajibHa MeTpUKA,
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He3BaKaloul Ha CBOIO CKJIAJIHY OYJIOBY, Ma€ OJHY IIKaBy OCOOJMBICTH SKY JTOC/Ii-
mxyBas . Ileppone. Posrnsiparoun merpuky Cacaxi Ha OJUHUIHOMY JOTHUTHOMY
po3IapyBaHHi, BiTOOPaKeHHs, dKe 3a1a€ThCsd OJUHIIHIM BEKTOPHUM II0JIEM, € 130-
MEMPUYHUM B8KAGOEHHAM TIIBKH SIKIIO I BeKTOPHE 1oJie € napasesvrum. OHAK,
J1. Tleppone mokaszaB, IO iCHy€ BUIMAIO0K KOJU HENApPaAeAbHE ONMHUYHNE BEKTOPHE
110JIe BU3HAYAE 130MEMPUYHE 3aHypeHH.A. Bl TaKOXK JTOCTIIKYBAB 2apMOHIYHICMb 1
MIHIMAALHICNS 61000pastcersb, MO0 BUBHAYAIOTHCS TAKIMI BEKTOPHUMHE HOJIsIME. Bin
JIOBIB, 1110 JIJIsl 130MeTpil HaM HeoOXiJIHO y SKOCTI HelapaJsie/IbHOI'O BEKTOPHOI'O T10JIsI
B34TH PIOOBCHKE BEKTOPHE T0JIe Ha 0a30BOMY MHOTOBHU/II 1 TIEBHY CIM'I0 PIMaHOBUX
g-HATypaJIbHUX METPHUK Ha OJMHUYHOMY JOTUYHOMY PO3IIapyBaHHI. TakoxK 3ayBa-
JKIMO, 110 METPHUKa Ha OJUHIIHOMY JOTUUHOMY PO3IIapYBaHHI, dKa PO3IJIAIacThCS
B TeopeMi, He BKJo4Ya€e B cebe Merpuky Cacaxi.

[Ipupojuum gonoBHeHHS 710 pe3ynbTaTi . Ileppone Oyie gociizKeHHs yiakom
2e00e3uMMocmi ONMHIIHIX BEKTOPHUX II0JIIB, [0 BU3HAYAIOTH 130MEeTPUYHE BKJIa1e-
aHst. OCHOBHOIO METOIO € 3HAXO/ZKEHHsST YMOB, 3a dKUX Bigobpaxkenus & : (M, g) —
(T1 M, G) moxke 6ytu yiakom eeodesuunum. LIinkom reopesndni BimoOpazkeHHs €
OKPEMHM BHIIaIKOM TI€OJe3WIHNX BijoOpazkenb. ['eomesmuni BigoOparkeHHsT TaKOXK
JIOCJIJIZKYBaJIM 1HIN YKPalHChbKI MaTeMaTUKU.

HoBeseno, 1o piboscvke sexmophre nose K-konmaxmmoi mempuyuroi cmpyxmy-
pu Ha piMaHOBOMY MHOTOBHII M THOPOJIXKYE IIJIKOM T'eoJe3uvHe BijgoOpazkKeHHs & :
(M, g) — (T1 M, G) Toi i TiibKN TOJI, KOJIH I CTPYKTYPa € cacakic6oto. SHaiieHo
BUpa3 Jist dpy20i octoshoi dopmu Binobpaxkenns & : (M, g) — (1M, G).

Y pmcepTalliiiniii podoTi Bepie 6yJ10 JTOC/IiIXKEHO HIJIKOM I'eOJe3UIHICTh Hella-
paJebHUX OJUHMYHAX BEKTOPHUX TIOJIIB, M0 BU3HAYAIOTH 130MEeTPUYHE BKJIAICHHS,
Ha K -KOHTaKTHOMY METPUIHOMY MHOTOBHU/II 3 g-HATYPAJIHLHOIO METPUKOIO Ha, OJIMHU-
YHOMY JOTUYIHOMY posmapyBaHHi. TakoxK Brepiie 0yJi0 OTpUMaHO BUPa3 JIJId JIPYrol
OCHOBHOI (popMH BijIoOparkeHHsI, 110 3aJIa€ThCA OJMHUIHUM BEKTOPHUM IIOJIEM Ha
pPIMAHOBOMY MHOTOBUJII 3 ¢-HATYpPaJbHOIO METPUKOIO Ha OJMHUYHOMY JOTUUYHOMY

po3IIapyBaHHI.



[IpakTrnaHuM 3HAYEHHSIM OTPUMAHUX PE3YJIbTaTiB € JIONOBHEHHS HasiBHUX pe-
3yJIbTATIB 3 r€OMETPll PO3IIapOBAHUX IIPOCTOPIB.

Kiro4goBi cjoBa: jjotnune posmapyBatis, MeTpuka Cacaki, reoJie3ndHi, CKpy-
yeHa MmeTpuka Cacaki, BepTUKaJbHO MaclITaboBaHa MeTpPUKa, OJUHUIHE JOTHIHE
posmapyBaHHs, rpyna JIi, rapMoHidHe BEKTOpHE I10Jie, FrapMOHIYHEe BiI0OparkKeHHsI,
cacakieB MHOTOBH/I, /{-KOHTAKTHHII MHOTOBH/I, PIOOBCHhKE BEKTOPHE I10JIe, 130MeTPH-

YHe 3aHYPEHHs, IIJIKOM Ie0JIe3UYHNUIT MHOTOBU,I.



Abstract

Liana A. Lotarets. Differential geometry of bundles with generalized metrics. —
Qualification scientific work is as a manuscript. A thesis on the degree of Doctor
of Philosophy: Speciality 111 — Mathematics (Mathematics and statistics). — V. N.
Karazin Kharkiv National University, Ministry of Education and Science of Ukraine,
Kharkiv, 2025.

The thesis is devoted to the study of metrics of bundles, their properties, and
their generalizations to a broader class of metrics that lead to different geometries
in the fibers and the entire tangent bundle.

The standard metric on the tangent bundle is the Sasaki metric, whose geometric
properties are well known. However, in general, the Sasaki metric possesses only the
properties of a general Riemannian metric since, on the fibers, it coincides with
the metric of the base manifold. Nevertheless, one can generalize the Sasaki metric
definition allowing the fiber metric to be different from the base one. A deformation
of the Sasaki metric brings another geometry to the fibers and the whole tangent
bundle. The main question, which has been and continues to be studied by many
renowned mathematicians, is: to what extent the new fiber-wise metric changes the
geometry of the tangent bundle?

The aim of the study is to identify the dependence of the geometric properties
of general vector bundles on the metric of the bundle, as well as to establish the
relationship between the properties of the base manifold and the fibers of a general
bundle. Additionally, the study explores the geometric properties of sections of a
general bundle for different types of generalized metrics.

The object of the study is the geometric properties of tangent bundles of Ri-
emannian manifolds and their sections with various deformations of the Sasaki
metric.

The subjects of the study are generalizations of the Sasaki metric, geodesic lines

of the tangent bundle, properties of the Sasakian manifold, as well as harmonic,



minimal, and totally geodesic vector fields.

The objectives of the study are:

generalization of the cigar soliton metric to the tangent bundle;

investigation of geodesic lines in the tangent bundle with a fiberwise cigar

soliton metric;

study of harmonic unit vector fields on the unit tangent bundle with a twisted

Sasaki metric;

classification of left-invariant harmonic unit vector fields that define harmonic

maps in the case of a vertical rescaled metric on the unit tangent bundle;

derivation of the expression for the second fundamental form of a submanifold
defined by a unit vector field in the unit tangent bundle of a Riemannian

manifold with a g-natural metric;

determination of the conditions under which a map defined by a unit vector
field in the unit tangent bundle of a Riemannian manifold with a g-natural

metric can be totally geodesic.

The study employs methods of differential geometry, Riemannian geometry, di-

fferential equations, mathematical analysis, linear algebra, group theory, and Lie

algebras.

Section 1 of the thesis is devoted to fundamental concepts in the geometry of

bundles, as well as a literature review. It provides basic information on the geometry

of the tangent bundle and the unit tangent bundle, contact manifolds, the Sasaki

metric, and vector fields on a Riemannian manifold as maps and submanifolds. An

overview of concepts such as harmonicity, minimality, and totally geodesicity of

vector fields and maps is also given.

Section 2 of the thesis is devoted to the generalization of Richard Hamilton’s

cigar soliton metric as a deformation of the Sasaki metric on the tangent bundle of
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a Riemannian manifold.

After the proof of the Poincaré conjecture by Richard Hamilton and Grigori
Perelman, numerous publications appeared concerning the geometry of the so-called
Ricci solitons. They have been studied by many mathematicians, including Ukraini-
an researchers. The first example of a noncompact steady Ricci soliton on a plane was
found by R. Hamilton. The first example of a noncompact steady Ricci soliton on the
plane was discovered by R. Hamilton. This two-dimensional manifold is conformally
equivalent to the plane with the conformal function f(z,y) = Hx—%ﬂlg and is called
the Hamilton’s cigar soliton. Conformally equivalent metrics and conformal mappi-
ngs have also been studied by other mathematicians. By analogy with the two-
dimensional manifold, it is natural to define a corresponding metric on the tangent
bundle.

The concept of a fiberwise (Hamiltonian) cigar soliton deformation of the Sasaksi
metric or fiberwise (Hamiltonian) cigar soliton metric on the tangent bundle of a
Riemannian manifold is introduced. It represents a particular but well-motivated
case of the metric studied by A. Zagane and M. Djaa.

The main objective of the study is to examine the geodesics of the tangent
bundle of a Riemannian manifold with a fiberwise (Hamiltonian) cigar soliton metric,
focusing on locally symmetric manifolds and manifolds of constant curvature as the
base of the bundle. The properties of spaces with constant sectional curvature have
also been studied by other Ukrainian mathematicians.

Differential equations for naturally parameterized geodesics with respect to the
Levi-Civita connection of the fiberwise cigar soliton metric have been obtained. It
has been proven that in the case of a locally symmetric base, all geodesic curvatures
of the projection of an oblique geodesic onto the base are constant, and in the case
of a base with constant curvature, all geodesic curvatures starting from the third
one are zero. The geodesic equations for tangent bundles of spaces with constant
curvature under the fiberwise (Hamiltonian) cigar soliton deformation of the Sasaki

metric have been derived.



In the thesis, for the first time, a generalization of the Hamiltonian cigar soliton
metric, which is a two-dimensional manifold, was studied as a metric on the tangent
bundle. The concept of "fiberwise cigar soliton deformation of the Sasaki metric" (or
"fiberwise Hamiltonian cigar soliton metric") was introduced for the first time, and
the geodesic lines of the tangent bundle with this metric were investigated.

Section 3 of the thesis is devoted to the study of harmonic unit vector fields
on the unit tangent bundle with the twisted Sasaki metric.

Mathematicians L. Belarbi and H. El Hendi proposed a fairly intuitive deformati-
on of the Sasaki metric on T'M. This metric encompasses several other well-known
metrics, including wvertical rescaled metric. The vertical rescaled metric requires
special attention, as this deformation is a more natural generalization of the Sasaki
metric than the twisted Sasaki metric. Specifically, geometrically, the vertical rescaled
metric performs a pointwise homothetic deformation within the fibers. It was preci-
sely this metric that inspired L. Belarbi and H. El Hendi in their study of the
geometry of the tangent bundle with the twisted Sasaki metric.

In our work, we study the twisted Sasaki metric on the unit tangent bundle.
The main goal of the research is to identify deformations that preserve the existence
of harmonic left-invariant unit vector fields on three-dimensional unimodular Lie
groups with a left-invariant metric, as well as harmonic maps defined by unit vector
fields, in the case of the twisted Sasaki metric on the unit tangent bundle, using an
orthonormal frame and the classification by J. Milnor. Moreover, we aim to describe
and classify such vector fields and maps according to the classification by J. C.
Gonzalez-Davila and L. Vanhecke in the case of the vertical rescaled metric. We also
consider harmonic vector fields and maps in the case of the twisted Sasaki metric on
the unit tangent bundle of a two-dimensional Riemannian manifold. The properties
of vector fields and mappings defined by unit vector fields have also been studied by
some Ukrainian mathematicians.

Necessary and sufficient conditions for the harmonicity of a left-invariant unit

vector field and a map M — 11 M defined by this field have been obtained. Necessary
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and sufficient conditions for the harmonicity of a left-invariant unit vector field and
the map M? — Ty M?, defined by this field with respect to a certain orthonormal
frame, have also been established. Description of left-invariant harmonic unit vector
fields and harmonic maps G — T1G, defined by such fields, has been provided, where
GG is a three-dimensional unimodular Lie group with a left-invariant metric, using
a certain orthonormal frame. A classification of left-invariant harmonic unit vector
fields that determine harmonic maps G — T1G, where G is a three-dimensional
unimodular Lie group with a left-invariant metric, has been carried out in the special
case of the twisted Sasaki metric, namely in the case of the vertical rescaled metric.

In the thesis, for the first time, deformations preserving the existence of harmonic
left-invariant unit vector fields on three-dimensional unimodular Lie groups with a
left-invariant metric and harmonic maps defined by a unit vector field in the case of
the twisted Sasaki metric on the unit tangent bundle were described. Additionally,
such vector fields and maps were classified for the first time in the case of the vertical
rescaled metric.

Section 4 of the thesis is devoted to studying the case when a non-parallel
unit vector field £ on a Riemannian manifold (M, g) defines an isometric immersion
£:(M,g) — (1M, G), where G is a Riemannian g-natural metric.

Mathematicians M. T.K. Abbassi and M. Sarih proposed a rather general deformati-
on of the Sasaki metric on the tangent bundle, namely the Riemannian g-natural
metric. This metric includes several other well-known metrics, in particular the
Cheeger-Gromoll metric. Despite its complicated formation, the Riemannian g-
natural metric possesses an interesting property studied by D. Perrone. When consi-
dering the Sasaki metric on the unit tangent bundle, a map defined by a unit vector
field is an isometric embedding only if the vector field is parallel. However, D. Perrone
demonstrated that there exists a case where a non-parallel unit vector field determi-
nes an isometric embedding. He also investigated the harmonicity and minimality
of maps defined by such vector fields. Perrone proved that for an isometry, it is

necessary to take the Reeb vector field on the base manifold as the non-parallel
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vector field and consider a certain family of Riemannian g-natural metrics on the
unit tangent bundle. Moreover, it should be noted that the metric on the unit tangent
bundle considered in this theorem does not include the Sasaki metric.

A natural complement to D. Perrone’s results would be the study of the totally
geodesic nature of unit vector fields that define an isometric embedding. The main
goal is to determine the conditions under which the map ¢ : (M, q9) — (T1 M, G)
can be totally geodesic. Totally geodesic maps are a special case of geodesic maps.
Geodesic maps have also been studied by other Ukrainian mathematicians.

It has been proven that the Reeb vector field of a K -contact metric structure on
a Riemannian manifold M induces a totally geodesic map & : (M, g) — (T1 M, G)
if and only if this structure is Sasakian. An expression for the second fundamental
form of the map & : (M, g) — (11M, G) has been obtained.

In the thesis, the total geodesicity of non-parallel unit vector fields defining an
isometric embedding on a K-contact metric manifold with a g-natural metric on the
unit tangent bundle was studied for the first time. Additionally, for the first time,
an expression for the second fundamental form of the map defined by a unit vector
field on a Riemannian manifold with a g-natural metric on the unit tangent bundle
was obtained.

The practical significance of the obtained results lies in complementing the exi-
sting findings in the geometry of bundles.

Keywords: tangent bundle, Sasaki metric, geodesics, Twisted Sasaki metric,
vertical rescaled metric, unit tangent bundle, Lie group, harmonic vector field,
harmonic map, Sasakian manifold, K-contact manifold, Reeb vector field, isometric

embedding, totally geodesic manifold.



