AHoTamniga

l'aBpuaenko 1.0. MinimayabHi TOBepxHi y cyOpiMaHOBiit reomeTpii. —
KpasidikalniitHa HayKoBa IIpalisd Ha IIpaBax PYKOIIHICY.

Huceprarig wa 3700yTTd HAYKOBOTO CTYIEHS JIOKTOpa ¢inocodil 3a
cuerfagbricrio 111 Maremaruka (Tamyss smamp 11 Maremarnka Ta,
cTaTHCTHKA). — XapKiBebKuil HaljoHabHuit yHiBepcurer mMene B.H. Kapasuna
MinictepcrBa ocBiTH 1 Hayku Ykpainu, Xapkis, 2026.

JlncepTallifo MPUCBSIYEHO JOCIIIXKEHHIO CTIMKOCTI MiHIMAJIBHIX ITOBEPXOHD
y cyOpiMaHOBiif reoMeTpil, 30KpeMa, OTPUMAHHIO KJIaCHMIKAIITHIX TeopeM JJIsd
OKPEMUX KJIACiB MIHIMAJILHUX TTOBEPXOHBb Y TPUBUMIPHUX CYOPIMaHOBUX I'PyTax
JIi Ta TBep2KeHDb MPO IXHIO CTIHKICTD.

Mertoto pucepraliitHol poOOTH € HOCTIAXKEHHsI CTIHKOCTI MiHIMaJIbHUX
IIOBEPXOHb y CYyOPIMaHOBUX IIPOCTOPAX.

O06’ekTOM JOCHI>KEHHS € I1iJIMHOI'OBU/IN Yy CyOpiMaHOBIiil reoMeTpii.

ITpeamerom mocCiTigKeHHS € MiHIMAJIBHICTH Ta, CTIMKICTb ITOBEPXOHb Yy
cyOpiMaHOBIiT reoMeTpil.

st mocstipKeHHsT BUKOPUCTAHO METOU JnudepeHIlialbHol TeoMeTpil,
30KpeMa, PiMaHOBOI Ta cyOpiMaHOBOI reoMerpil, TeoMeTpil IiIMHOIOBU/IIB,
nudepenniaabHIX PIBHAHD, BapialliifHoro ducjents, Teopil rpyn ta ajredop Jli.

Ilepmmit posgist jgucepralfiiinol poboTH MiCTHUTH 0a30Bi  BiJJOMOCTI
po cyOpiMaHOBY TeOMeTpilo, NPUKJIaIn  CcyOpiMaHOBUX  MHOI'OBHU/IIB,
0 BUKOPHUCTOBYIOTHCS Yy POOOTI, MMOHATTS MIiHIMAJIBHOCTI Ta CTIHKOCTI
rieproBepxoHb, 30KpeMa IIOBEPXOHb, Y PIMAHOBIil Ta cyOpiMaHOBIiil TeoMeTpii,
yci HeoOXiJHI O3HAYEeHHA Ta OIJIA) HasgBHOI JITepaTypu, IO IPUCBIIEHA
MIHIMAJILHUM TIJIMHOTOBU 1AM Y cyOpIMAHOBUX MHOTOBHJAX Ta IXHIN CTIHKOCTI.

pyruii  po3mija  jucepTaliitHol poOOTH MPUCBAYEHO JTOCTIIZKEHHIO

MOBEPXOHB Y TpuBUMipHOMY MHOTOBII E(2), T0OTO yHIBEpCATHLHOMY HAKPUTTI

IPpyI  BJIACHUX PYXIB €BKJIJIOBOI ILIOHIMHU, IO Ma€ JIIBOIHBaplaHTHY



cybpimanoBy —crpykTypy. Llg rTpyma ommcyerbes gk mpoctip RP 3

OPTOHOPMOBAHNM 6a3MCOM JTIBOIHBAPIAaHTHUX TIOJIIB

. 0 .0 0
Xi=cosz— +sinz—, X9 =—, Xg=sinz— —cosz—.

ox oy 0z Ox Jy

JliBoiHBapiaHTHA MeTpUKa IPHU IHOMY € €BKJIJOBOO. ¥ migpo3maial 2.1

BUBOJIUTHCsSI HOBa popMyJia IepIiol Bapialil cyOpiMaHOBOI ILJIOII IIOBEPXHi y

E(2). Tyt i nani N nosnadae oiHIYHE HOPpMaJIbHE T10JI€ 3aHYPEHOT OPIEHTOBHOT
oBepXHi > y MHoropujii M, cyOpiMaHOBa CTPYKTypa SIKOIO BH3HAYCHA

JIBOBUMIDHHUM IILJTKOM HEIHTErPOBHUM PO3IOJIiIoM H 1 0OMeXKeHHsIM Ha HbOT'O

piManoBol Merpuku (-,-), mo BusHauena Ha M. 3okpema, s E(2) posmnojii

‘H oproronasibauii o X3. Cybpimarosoro naousero obyiacti D C X 3BEThCs
AD) = [ V'] az,
D

ne N — oproronanbua mpoekmis monsg N ua H. Hopmasvhoro sapicuicio
MOBEPXHI X, IO 3aJlaHa IVIQJIKOI (DYHKIIE % 3 KOMIIAKTHHUM HOCIEM,
3BeTbCS BijoOpaskenusi ¢: Y X I — M, mo BusHadeHe yMOBOWO @g(p) =
exp,(su(p) N(p)), ne I — pesxuit oxin myns B R, exp, — pimanose
ekcrionenriiine Bimobpaxkenns. Yepes A(s) = A(X;) Toml moszHauaemo
cyOpiMaHOBY ILIOILY TOBEpXHI Bapianii X, = @4(2).

Teopema 2.1 Hexatii > — noseprna y E/)(\Q/) Todi nepwa HopmasvHa

sapiauia i cyopimManosoi naow, w0 3adana GYHKUIE U 3 KOMNAKMMHUM

HOCIEM, MAE HACTYNHUL 8U2AAD:

A'(0) = / IN""Y(—(B(Z), Z) + (N, X3) (", X1) ("', X)) u dX.

S\ S0

Tyr ¥y — MHOXKHHA cumeyaspruxr mowox Y, y gxkux NP = 0, Z -

TAPAKMEPUCTNUYHE BEKMOPHE NoAe, sKe y Todll p € 3\ Yy yTBOPIOEThCs



3 VM(p) = N"(p)/|N"(p)| obeprannsam na npsimuii kyr y miomuni H,, B —
oneparop Beitnraprena > BimHOCHO V.

[Tosepxus Y HasuBaeTbesa Mminimanvroto, axio A'(0) = 0 g Oyab-akux
HOpMAJIbHUX Bapiariii 3 KoMrmakTHuM Hociem y 3\ Yg. MiHiMaabHa MOBEpXHS
Y 3Bethest cmitikoro, skimo A”(0) = 0 st 6y/ib-SKIX HOPMAJBHUX Bapiariii 3
KOMIIAKTHUM HOCieM y X\ Yg. 3 morepeabol (bopMysIu BUBEJICHO HACTYITHUIL
KpUTEP1it MIHIMAJIbHOCT] TOBEPXOHb.

—

Hacmigok 2.1 Ilosepxha 3 y E(2) minimanvra modi @ miavku modi, koau
na 3\ X
(B(Z),Z) = (N, X3)(v", X1) (V", Xo).

3BijicK Takoyk OyJI0 OTPUMAHO KPUTEpiit MiHIMAJILHOCTI JJjIsI SIBHO 3aJaHUX
IIOBEPXOHb 1 MOKA3aHO, 110 3 MIHIMAJbHOCT1 3araJjbHOl TTOBEPXHI Y PIMAHOBOMY
CEeHCI He BUILINBAE MiHIMAJbHICTL Y cyOpiMaHOBOMY CeHCI abo HaBITaKH.

Y migposnii 2.2 BHBOJMTLCS HACTYIIHA HOBa (pOpMyJia JAPYyroi Bapialiil
cyOpIMaHOBOI TLJIOIT].

Teopema 2.2 Hexati ¥ — MiHIMAAOHG NOGEPTHA E?(\2/) Todi dpyea
HOPMANOHG  6apLauts il cyopimanosoi naou, wo 3adana GYHKULEW U 3

romnaxmHum HOCZCM, MAE BUNAO:

w0y = [ (V! (Z() = (VXN o) -
Y\Zo
—2|N"(B(Z), S)*u* — 2(N, X3)(B(Z), S)Z(u)u+
H+4(N, X3) [N"|(v", X)) ("', Xo)(B(S), S)u?+
+2 (1= 2|N"?) (v, X1) (V" Xo) S (u)u+
+[N"| (2 = 3|N"?) (yh,X1>2<yh,X2>2u2> ds.

Tyr S — noJe, 1o JONOBHIOE Z JI0 OPTOHOPMOBAHOTO periepa Ha > \ Yg. 3a
JIOIIOMOI010 1€l pOpMY/IN MU BCTAHOBUJIM, [0 MiHIMAJIbHI €BKJIIOBI ILJIONIUHN

€ CTINKNUMU.



Tpetiit po3aia aucepTaliitHol  PoOOTU  NPUCBAYIEHO  JTOC/IIKEHHIO
BEPTUKAJbHUX MiHIMaJbHUX IIOBEPXOHL Y TPUBUMIPDHUX CyOpiMaHOBUX
MHOTOBHJIAX Ta IXHBOI CTIHKOCTi. Y mijpo3maiii 3.1 BUKopUcTaHe HACTYIIHE
O3HaUEHHS BEPTUKAJIHLHOI TOBEPXHI:

Oznauennsa 3.1 [lopepxus X y TpuBUMipHOMY CyOpiMAHOBOMY MHOT'OBH/II
M 3 IBOBUMIpHUM TOPU30HTAJHLHUM PO3MOMIIOM H 3BETHCSI 8EPMUKANDHOIO,
gAKMo 11 jgoTu4Ha IulomuHa 1,Y [eplHeHJuKy/IdpHa JI0 TOPU30HTAJbLHOI
mromuun - cybpimanoBol  crpykrypu M, (robro ixmi BekTOpH HOpMAJ
OPTOrOHAJIbHI) Y KOXKHI TOUI P MOBEPXHI.

Hajii B IbOMY IJIPO3i/1 MU 3HANILIN 3arajabHy pOpPMYJIy Iepiiol Bapialiil
cyOpiMaHOBOI ILJIOII BEPTUKAJILHOI IIOBEPXHI B TPUBUMIPHOMY CyOpiMaHOBOMY
MHOTOBH /1.

Teopema 3.1 Hezat X - sepmukaivha MOGEPTHA Y MPUCUMIDHOMY
cyopimarosomy mroz2o6udi M 3 J608uUMIPHUM 20pU3OHMAALHUM PO3NOJIAOM
H. Todi nepwa HopmasvHa sapiauis it cyopimManooi naowi, wo 3adaHa

DYHKULEIO U 3 KOMNAKMHUM HOCIEM, MGE HACMYNHUT 6UAA0:

A(0) = —2/Hu i,
by

de H — pimarnosa cepedns kpusuHa ..

Hacainok 3.1 Bepmukaavha noGepTHs € MIHIMAALHOIO 6 CYOPILMAHOBOMY
cenci modi G MIALKU Modi, KOAU G0HA € MIHIMAALHONW 6 DIMAHOBOMY CEHCI,
mobmo xoau H = 0.

Y migposaini 3.2 mu obuucauwan popMysy Jpyroi Bapialil cydpiMaHoBOT
IJIONI] BEPTUKAJIBLHOI MiHIMAJIbHOI TTOBEPXHI.

Teopema 3.2 Hezali X — s6epmukasvHa MIHIMAGALHG NOBEPTHA
Y MPUBUMIPHOMY  cybpimanosomy — mmozoeudi M 3 deosumiprum
2opusonmanvium  poanodisom H. Todi dpyea wopmasvra eapiayia i

cyopIManosoi naowi, wo 3a0ana  GYHKUIE U 3 KOMNAKMHUM HOCIEM,



Mae 6U2NA0:

A”(0) = /— (X (u) = (VN X, Nyu)* + [Vsu|’~
— (Ric (N, N) + |B]*) u* dx,

de V 1 Ric — pimarosa 36°sasnicmsv ma mensop Piuui M eidnosiono, X —
oduruume nopmanvre nose H, wo € domuvrum 0o X 6 Cusy 8EPMUKANLHOCTI,
Vy i |B| - pimanosuti epadienm i nopma dpyeoi dyndamermanvroi gopmu 3
610N0610H0.

Hacainok 3.2 ffxwo sepmukansvha MIHIMGADYHG NOBEPTHA € CMITKON 6
CYOPIMAHOBOMY CEHCE, BOHA MAKONC € CMITKOI0 6 PIMAMOEBOMY CEHCI.

Y migposaiii 3.3 Oys0 BBEJIEHO HOBE IOHATTA olepaTopa Ko st
BEPTUKAJBHIAX MMOBEPXOHB. JIJIsST IIOr0 MU CIOYATKY IMOKA3aJd, 10 OTPUMAHY

dopmyity apyrol Bapiallil MOXKHa, 3allCaTU Y BULJIsII

A"(0) = /Z(u)2 — fu?d¥
)y
JUIst Jiesikol pyHKIT f.

TBepmxkennsa 3.1 Hexati X — MIHIMGALHG NOBEPTHA 3 NOPOAHCHBLONO
CUHYNAAPHON MHOACUHON 8 MPUBUMIPHOMY CYOPIMAHOBOMY MHO0206UdL, Ipy2a
BapPLaULA CYOPIMAHOBOL NAOWT AKOT MAE BUAAD AK BUULE OAA OPMOHOPMOBAHO20
penepa { X, Z} na X (30xpema sepmurasvna). Todi i mostcna nepenucamu iy
6u2AAdl

A(0) = — / wL(u) d5)

by

de L — onepamop Hrxobi 1a npocmopi 2nadkux Gynrkyits na 3.
L(u) = Z(Z(u)) + (VxZ,X) Z(u) + f u.

Onepamop Arxo6i L, 1o BUHUKAE Y ITHOMY TBEPJIZKEHHI, € aHAJI0MOM PIMAHOBOTO



oniepatopa fkobi. 3okpema, BiH Tex € JiHiitHuM oneparopom Ha C(X). Haii
MU JIOBEJIM HACTYIIHY JIOCTATHIO YMOBY CTIKOCT1 BEPTUKAJILHUX MIHIMaJIbHUX
ITOBEPXOHD!

Teopema 3.3 Hexatd > — MiHIMAGADHG NOGEPTHA 6 MPUBUMIPHOMY
CYOPIMAHOBOMY MHO0206UJL 3 NOPOAHCHBOIO CUHRYAAPHONO MHOACUHOI0, OPY2010
BAPIAUIEID CYOPIMAHOBOT NAOUL, WO MAE BU2AAD AK BUUWLE, MA ONEPATNOPOM
Aro6i L. Hrxwo icnye enadka dodamna dynruia u na 3 maxa, wo L(u) < 0,
mo X € cmitikoto.

YerBepTuii  po3aij  jucepTalliiiHol  pobdOTH  HPUCBAYEHO  OIUCY

BEPTUKAJIbHIX MIHIMAJbHUX TOBEPXOHb y TpuBuMipHux rpymnax JIi F(2),

e~ —

Nil, Sol ta SL(2,R) ta mocnipkennio ixupol crifikocti. ¥ migposaii 4.1 6ysio

AOBEICHO HAaCTYIIHE!

Teopema 4.1 Hexati cybpimanosa cmpykmypa na E(2) eusnavena

deosumiprum Aieoinsapianmuum pos3nodinom H = X+, de

1
o \/)\2+M2+V2

(/\Xl + /LXQ + I/Xg)

i M2 4 12 > 0. Bona donyckae 6epmukasvii MiHiMaabii noceprii modi 1
miavky modi, xoau p = 0.
IIpu p = 0 36°A3na (6i0N06i10H0, NOGHA 36°A3NA) GEPMUKANLHA NOGEPTHA

y E(2) € minimarvnoro modi i miavku modi, xoau uye 06aacmv y e6KAidosil

NAOWUMT Z = 2o aDO NAPANEALHO NEPEHECEHOMY CMAHIAPMHOMY 2€A1K0100

(x — x) cos(z + ) + (y — yo) sin(z + a) = 0,

>\ o v . . .
TenE COSQ = s (6i0no6idno, € 00HicI0 3 YUT NOBEPTOND ).

de sina =
Ipu yvomy niowuru € cmitikumu, 6 2eAik0idu — HECmitKuMU.
Y migposain 4.2 po3nIAgaloThesd BePTUKAIbHI MIHIMAJILHI MTOBEPXHI Y

rpymi Nil, mo omucyerbes gk 1mpoctip R 3 opronopmosannm 6asucom



JIBOIHBaplaHTHUX T10JI1B

1 TOBeIeHO HACTYIHY KJaacuikalliitHy TeopeMy:
Teopema 4.2 Hexaii cybpimanosa cmpyxmypa wa Nil eusnavaemves

NIB0THEADIAHMMHUM 0806UMIPHUM 20DPU30OHMAALHUM Po3nodisom H = X+, de

1
X = (AX1 + X + X;).

/)\2+M2+1

36’asna (6i0no6idHo, NO6HG 36 °A3HA) GEPMUKAALHA NOBEPTHA 6 UbOMY

CYOPIMAHOBOMY MHO206UDL € MIHIMAALHOM MOJi T MIALKU MOodi, KO GOHG
€ obaacmio Y 8epMUKAALHIT €6KA0061U NAOUUHT HAOD J0BIALHON NPAMOIO 6
naowuni (x,y) npu A = p =0, i nad npamoro 3 wanpamrum eexmopom (N, )
6 THWOMY 6UNadKy (610N06I0HO, € MAKOW NAOUUHON).

Yei ui noseprni € cmitikumu 6 CYoPIMaMOBoOMYy cenci, a omoice U Y
PIMAHOBOMY CEHCE.

Y mijiposi 4.3 po3rsaialoThes BepTUKAIbHI MIHIMAJIbHI TOBEPXHI B TPYIIi
Sol, mo onncana sk npocrip R? 3 oproHopMoBaniM 6a31CcOM JIiBOIHBapiaHTHIX

IOJIIB
0 0
X — —c__ X — S X _ —
L=c 2 eay’ 3792

i JoBejeHoO Kacudikaliiiny Teopemy:
Teopema 4.3 Hexati cybpimanosa cmpykmypa na Sol eusnavacmuves

NIBOIHBAPIAHMMHUM 0806UMIPHUM 20PU30HMAAHUM posnodisom H = X+, de

1
B VA2 + 2 412

()\Xl + /,LXQ + VXg)

i Ap £ 0.

Axwo v # 0, mo 36’asna (6idnosidno, NoéHa 36°A3H4) GEPMUKANLHA



NOBEPTHA 8 UBOMY CYOPIMAHOBOMY MHO208UDL € MIHIMAALHON MOJL T MIALKU

modi, Koau 80HaA € 00AACTNIO Y UUMHODI, WO NAPAMEMPUZOBAHUT DO AK
r(s,t)=(zo——€e°t,s),
v

abo Ak

T(Sat) = t7y0+ﬂesas
1%

(6i0n06idHo, € Marum yuATHOPOM).

Avwo v = 0, mo 36’a3na (6100061010, NO6HA 36°A3WG) GEPMUKANDHG
NOBEPTHA € MIHIMAALHON MOJL T MinbkUu Modi, KOAU 60HA € 0baacmio Y
20PU3OHMANLHIT €68KAL0061T NAOWUNL Z = 2y b0 N = <, a noseprna €

004aCMI0 8 «2INEPOONUHOMY 2EATK0I0L» 3 NAPAMEMPUSAUTEN

L L
r(s,t) = |zo+ —=€'s,yo £ —=e's,t
V2 V2
(610n06101H0, € 00HiEI0 3 YUT NOBEPTOHD).
Yei ui noseprni € cmitikumu 6 CYoPIMaMo8oMYy cenci, a omoice U Y
PIMAHOBOMY CEHCE.
Y migposnin 4.4 po3rIdaloThCs BEPTUKAJIbHI MiHIMaJIbHI IMTOBEPXHI Y
—_ —
rpymi SL(2,R), mo e, 30kpema, yHIBEpCATBLHIM HAKPUTTIM PO3IIADYBAHHSI
OJINHUYHUX BEKTOPIB TilepOOJIYHOl TJIONNHA Ta MOYKe OYyTH IpeJicTaB/ieHa

gk muoxuna {(z,y,z) € R® | y > 0} 3 opronopmoBannm 6azncom

JIIBOIHBaplaHTHUX TIOJIIB

.0 0
X1 =ycosz— + ysin z— — cos z—,
Ox dy 0z
D% .0 n 0 L 0 ¥ 0
= —ysinz— cos z— + sin z— = —.
? Y ar Y oy 02" 9z

loBeieno HacTymHy Kjaacudikariifny reopemy:

Teopema 4.4 36’asna  (6idnosidno, nosna 36°A3Ha) GEPMUKANOHA



—_ N —

noseprua 6 SL(2,R) 3 aisoinsapianmmoio cybpimanosoo cmpykmypoio, wo
BUSHAMAEMDCA 20PUSOHMANDHUM DO3NOJLAOM 1, € MIHIMAADHOM0 MOodi
i minvku modi, Koau 60na € obaacmio abo y nisnaowuni z = 5 + 7k, k € Z,

ab0 Y 2eiK0i0aAbHIT NOBEPTHT 3 0OHIEN 3 HACMYNHUL NAPAMEMPUAUIT.

r(s,t) = (xg — tsins, tcoss, s), t € (0,+00),
r(s,t) = (xo+t—tsins,tcoss,s), t € (0,400),
r(s,t) = (xo+yosht —yochtsins,ygchtcoss,s), t € R,

r(s,t) = (xg £ yocht —yoshtsins,ygshtcoss,s), t € (0,+00),

sE(—E+2ﬂ@§+2ﬂ0,keZ

()

(610n06i01H0, € 00110 3 NEPEATUEHUT NOBEPTOHD). Vi Ui NoGePTHI € CMITKUMU
6 CYOPIMAHOBOMY CEHCI, G OMIHCE, | 8 PLMAHOBOMY CEHCE.
Hami y 1mpoMy TiIpo3/iiii MU BBeJIM HOBE CIMENCTBO HeJiBOIHBapiaHTHUX

cyOpiMaHOBUX CTPYKTYP 3 BUKOPUCTAHHSIM 1HIIIOIO OPTOHOPMOBaHOI'O Da3uCy

0 0 0 0
Yi:ya_x_gayézyﬁ_y7}/3:$7

JIUTsl IKOTO TEXK JIOBEJIN KjiacugikalliitHy TeopeMy:

——

Teopema 4.5 Hexati cybpimanosa cmpyxmypa na SL(2,R) susnawaemves

0606UMIPHUM 20pU30HMAaILHUM Po3nodisom H = X+, de

1
X = (AY] + pYs +Y3)

VAT A+ 2+ 1

i A #= —1. Lla cybpimanosa cmpyxmypa 0onyckae SePMUKAAOHL MIHIMAALHI

noseprni auwe npu A =0 ma A = 1.

Axwo p # 0, mo 36’a3na (6i0nosidno, noéHa 36°A3Ha) GEPMUKANDHG
NOBEPTHA € MIHIMAALHON MOJL T MiAbKU Modi, KOAU 60HA € 0bAacmIO Y
e6kA100611 niensowunt © = xg npu A = 0 abo y e6KxA10061 Ni6NAIOWUNL Z = Z

npu A =1 (6idnosidro, € maxoo niowuH010).



dxwo p = 0 ma A = 1, mo 36’a3na (6idnosidno, noswa 36’°a3na)
BEPMUKAALHA NOBEPTHA € MIHIMAALHOIW MOdi T MIALKU MOodi, KOAU 60HA
e obaacmio abo Yy esxAMdositi niensowuHL z = 2y, abo Y UUMHIPL 3

napamempu3ayicio
0 7r
r(s,t) = (s,yocost,zo + \/§t> ,seER, te <—§ + 27Tk,§ +27rk> ,

de k € Z (6idnosidro, € 00100 3 MAKUT NOBEPTOHD ).

Axwo = A = 0, mo nosna (6i0nosidno, nosna 36’°A31a) NosepTHA €
MIHIMAALHOY MOdi T Miavky Modi, Koau ye 06aacmv Yy Yusindpi (6i0nosidHo,
wuaindp) nad 2eodesunnoto y 2inepbosiuniti naousuni H2,

Yci ui noseprni € cmilikumu 6 cybPIManosomy cenci, a omoice, i 8
DIMAHOBOMY CEHCI.

Yci nepesiideHi TyT pe3yabTaTu pobOTH € HOBUMU. 30KpeMa, Pe3yJibTaTu
PO3i1y 3 JIO3BOJIMIN HaM Y PO3/iiji 4 pO3IJISHY T IUPOKI KJIacu iHBaplaHTHUX
Ta HelHBaplaHTHUX CyOPIMAHOBUX CTPYKTYP Ha TPUBUMIpHUX rpymnax JIi, 1o
paHile He JOCIJIXKYBaJJINCS.

KirouoBi cJyioBa: cyOpiMaHOBHIT MHOTOBHJ, JiBOiHBapiaHTHa MeETpHKA,
piMaHOBa 3B’{3HICTb, METPUYHA TOIOJIOTIS, 3ajlada KepyBaHHs, HeJIiHiliHA
KepoBaHa cHUCTeMa, OITuMizallis, rpyna Kapno, aarebpa JIi, miniMaabHa
IIOBEPXHsI, BEpTUKAJbHA I[OBEPXHsI, IOTIK, CTiiKicTh, cepejiHs KpUBHUHA,

ornepaTop AKo0Oi.



Abstract

Thor O. Havrylenko. Minimal surfaces in sub-Riemannian geometry.
— Qualifying scientific work in the form of a manuscript.

A thesis for the degree of Doctor of Philosophy in Specialty 111 Mathematics
(11 Mathematics and Statistics). — V.N. Karazin Kharkiv National University,
Ministry of Education and Science of Ukraine, Kharkiv, 2026.

The thesis is devoted to the study of stability of minimal surfaces in sub-
Riemannian geometry, in particular, to classification theorems for certain classes
of minimal surfaces in three-dimensional sub-Riemannian Lie groups and to
their stability.

The purpose of the thesis is to study the stability of minimal surfaces in
sub-Riemannian spaces.

The research object is submanifolds in sub-Riemannian geometry.

The subject of research is the minimality and the stability of surfaces
in sub-Riemannian geometry.

The research uses the methods of differential geometry, in particular,
Riemannian and sub-Riemannian geometry, geometry of submanifolds,
differential equations, calculus of variations, and Lie theory.

The first chapter of the thesis contains the basics of sub-Riemannian
geometry, examples of sub-Riemannian manifolds used in the research, the
notions of minimality and stability of hypersurfaces, in particular, surfaces, in
Riemannian and sub-Riemannian geometry, all the necessary definitions, and
a review of the existing literature devoted to minimal submanifolds in sub-
Riemannian manifolds and their stability.

The second chapter of the thesis is devoted to the study of surfaces in
the three-dimensional manifold E@/), i.e., the universal covering of the group
of orientation-preserving Euclidean plane isometries, which has a left-invariant

sub-Riemannian structure. This group is described as the space R?® with an



orthonormal basis of left-invariant fields

0 0 0 0
X|{=cosz— +sinz—, Xy X3 =s8Inz— — cos z—

Ox oy’ T 02 Ox oy

The left-invariant metric here is Euclidean. In Section 2.1 we derive a new
formula for the first sub-Riemannian area variation of a surface in E@/) From
here on, N denotes the unit normal field of an immersed orientable surface > in
a manifold M, whose sub-Riemannian structure is defined by a two-dimensional

totally non-integrable distribution H and the restriction to ‘H of a Riemannian

metric (-,-) on M. In particular, for E(2), the distribution # is orthogonal to

X3. The sub-Riemannian area of a domain D C X is defined as
AD) = [ |V az,
D

where N’ is the orthogonal projection of the field N onto H. The normal
variation of a surface X given by a smooth function u with compact support
is defined as the map ¢: X x I — M, which is determined by the condition
¢s(p) = exp,(su(p) N(p)), where I is some neighborhood of zero in R and
exp, is the Riemannian exponential map. By A(s) = A(X,) we denote the
sub-Riemannian area of the variation surface X3 = ¢4(2).

Theorem 2.1 Let ¥ be a surface in ]5(\2/) Then its first normal sub-

Riemannian area variation defined by a smooth function u with compact support

has the following form.:

A'(0) = / IN"|7H (—(B(2), Z) + (N, X3)(v"", X1) (", X)) u dS.

S\ S0

Here, Y is the set of singular points of ¥, i.e., those where N* = 0, Z is
the characteristic vector field that at each point p € ¥\ ¥ is obtained from
V(p) = N"(p)/|N"(p)| by a right angle rotation in the plane H,, B is the



Weingarten operator of > with respect to V.

A surface ¥ is called minimal, if A’(0) = 0 for any normal variation with
compact support in ¥\ ¥y. A minimal surface X is called stable, if A”(0) > 0 for
any normal variation with compact support in X \ Xg. The following criterion
for the minimality of surfaces is derived from the previous formula.

—

Corollary 2.1 A surface ¥ in E(2) is minimal if and only if
<B(Z)7Z> - <N7 X3><Vh7X1><Vh7X2>'

on X\ 2.

From this, a minimality criterion for graphs was also obtained, and it
was shown that the minimality in the Riemannian sense does not imply the
minimality in the sub-Riemannian sense, or vice versa.

In Section 2.2, we derive the following new formula for the second sub-
Riemannian area variation.

Theorem 2.2 Let ¥ be a minimal surface in ]5(\2/) Then its second normal

sub-Riemannian area variation defined by a smooth function w with compact

support has the following form:

w) = [ (V! (Z(0) - (VXN o) -
2\
—2|N"(B(Z),S)*u* — 2(N, X3)(B(Z), S)Z (u)u+
H+4(N, X3)[N"|(v", X)) ("', Xo)(B(S), S)u?+
+2 (1= 2|N"?) (v, X1) (V" Xo) S (u)u+
+[N"| (2 = 3|N"?) (yh,X1>2<yh,X2>2u2) ds.

Here S is the field that together with Z forms an orthonormal frame on 3\ X.
Using this formula, we proved that minimal Euclidean planes are stable.
The third chapter of the thesis is devoted to the study of vertical minimal

surfaces in three-dimensional sub-Riemannian manifolds and their stability. In



Section 3.1 we use the following definition of a vertical surface:

Definition 3.1 A surface X in a three-dimensional sub-Riemannian
manifold M with a two-dimensional horizontal distribution H is called vertical,
if its tangent plane 7,,% is perpendicular to the horizontal plane #, of the sub-
Riemannian structure (i.e., their normal vectors are orthogonal) at every point
p of the surface.

In this section, we obtained a general first sub-Riemannian area variation
formula of a vertical surface in a three-dimensional sub-Riemannian manifold.

Theorem 3.1 Let ¥ be a wvertical surface in a 3-dimensional sub-
Riemannian manifold M with a two-dimensional horizontal distribution H.
Then its first normal sub-Riemannian area variation defined by a smooth

function u with compact support has the following form:
A'(0) = —Q/Hu dy,
2

where H is the Riemann mean curvature of 2.

Corollary 3.1 A vertical surface is minimal in the sub-Riemannian sense
if and only if it is minimal in the Riemannian sense, i.e., H = 0.

In Section 3.2, we calculated the second sub-Riemannian area variation
formula of a vertical minimal surface.

Theorem 3.2 Let X be a vertical minimal surface in a three-dimensional
sub-Riemannian manifold M with a two-dimensional horizontal distribution
H. Then its second normal sub-Riemannian area variation defined by a smooth

function u with compact support has the following form.:

A"(0) = / — (X (u) = (VN X, N)u)* + |Vyul~
— (Ric(N,N) + |B|2) u? dY,

where 'V and Ric are the Riemannian curvature and Ricci tensor of M,



respectively, X is the unit normal field of H, which is tangent to Y due to
its verticality, Vy, and |B| are the Riemannian gradient and the norm of the
second fundamental form of X, respectively.

Corollary 3.2 If a vertical minimal surface is stable in the sub- Riemannian
sense, it 1s also stable in the Riemannian sense.

In Section 3.3, we introduced a new notion of the Jacobi operator for vertical
surfaces. To do this, we first showed that the the second variation formula can
be rewritten as

A"(0) = /Z(u)2 — fu?dY
5

for some function f.

Proposition 3.1 Let X be a minimal surface with empty singular set in
a three-dimensional sub-Riemannian manifold whose second sub-Riemannian
area variation has the form as above for an orthonormal frame {X,Z} on X

(in particular, vertical). Then it can be rewritten as
A"(0) = — /uL(u) dy
b

where L is the Jacobi operator on the space of smooth functions on X:
L(u) =Z(Z(u)) +(VxZ,X) Z(u) + fu.

The Jacobi operator L, that appears in this statement, is similar to the
Riemannian Jacobi operator. In particular, it is also a linear operator on C'*°(%).
Next, we proved the following sufficient condition for the stability of vertical
minimal surfaces:

Theorem 3.3 Let ¥ be a minimal surface in a 3-dimensional sub-
Riemannian manifold with empty singular set, the second sub-Riemannian area

variation as above, and the Jacobi operator L. If there exists a smooth positive



function u on X such that L(u) < 0, then 3 is stable.

The fourth section of the thesis is devoted to the description of vertical

—_——

minimal surfaces in three-dimensional Lie groups E(2), Nil, Sol, and SL(2,R)

and to the study of their stability. In subsection 4.1, the following was proven:

Theorem 4.1 Let a sub-Riemannian structure on E(2) be defined by a

two-dimensional left-invariant distribution H = X+, where

1
—\/)\2+M2+V2

(/\Xl + MXQ + VXg)

and N2 +v? > 0. It allows vertical minimal surfaces if and only if u = 0.
When u = 0, a connected (resp., complete connected) vertical surface in

E(2) is minimal if and only if it is a subset either of a Fuclidean plane z = z

or of a helicoid

(x — x0) cos(z + ) + (y — yo) sin(z + a) = 0,

where sin o = ﬁ, cos o = \/)\2V-|-71/2 (resp., is one of these surfaces). In this

case, planes are stable and helicoids are unstable.
In Section 4.2, we consider vertical minimal surfaces in the group Nil, that

is described as the space R? with an orthonormal basis of left-invariant fields

0 an 0 x 0 0

= —— = — == —X:
or 202 77 8y+28z’ T o2

1

and the following classification theorem is proved:
Theorem 4.2 Let a sub-Riemannian structure on Nil be defined by a left-

invariant two-dimensional horizontal distribution H = X+, where

1
X = (AX1 + pXo + X3).

VAT 41

A connected (resp., complete connected) vertical surface in this sub-




Riemannian manifold s minimal if and only iof it is a subset of a vertical
FEuclidean plane over an arbitrary straight line in the (x,y)-plane for A = p =0
or over a straight line with the direction (A, u) otherwise (resp., is such a plane).
All these surfaces are stable in the sub-Riemannian sense and thus in the
Riemannian sense.
In Section 4.3, we consider vertical minimal surfaces in the group Sol, which

is described as the space R? with an orthonormal basis of left-invariant fields

and prove the classification theorem:
Theorem 4.3 Let a sub-Riemannian structure on Sol be defined by a left-

invariant two-dimensional horizontal distribution H = X+, where

1
IRV

()\Xl -+ [LXQ + l/Xg)

and A\ # 0.
If v # 0, then a connected (resp., complete connected) vertical surface in
this sub-Riemannian manifold is minimal if and only if it is a subset of a

cylinder parameterized either as

A
t) = (2g—Le* ¢t
r(s,t) (:1:0 Ve , ,s),

T(Sa t) = <t7 Yo + H 657 S>
1%

or as

(resp., is such a cylinder).
If v = 0, then the connected (resp., complete connected) vertical surface
1s minemal if and only if either it is a subset of a horizontal Euclidean plane

2 = 2y, or A\ = £pu and the surface is a subset of a <«hyperbolic helicoid»



parameterized as

1 1
r(s,t) =29+ —=e's, :I:—ets,t)
(s,1) (0 /2 Yo /2

(resp., is such a surface).

All these surfaces are stable in the sub-Riemannian sense and thus in the
Riemannian sense.

In Section 4.4, we consider vertical minimal surfaces in the group SI/J(—Q\,]/R),
that is, in particular, the universal covering of the unit tangent bundle of the

hyperbolic plane and can be described as the set {(z,y,2) € R3 | y > 0} with

an orthonormal basis of left-invariant fields

.0 0
X| =ycosz— + ysin z— — cos z—,
Ox y 0z
X 0 + 0 + sl 0 , X, 4
= —ysin z— cos z— + sin z—
2= YA TV, 52 T oz

The following classification theorem has been proven:

Theorem 4.4 A connected (resp., complete connected) vertical surface
mn Sm) with the left-invariant sub-Riemannian structure defined by the
horizontal distribution H = Xi- is minimal if and only if it is a subset either
of a half-plane z = § + 7k, k € Z, or of a helicoidal surface with one of the

following parameterizations:

r(s,t) = (xg — tsins,tcoss, s), t € (0,400),
r(s,t) = (xg £t —tsins, tcoss,s), t € (0,+o00),
r(s,t) = (xg + yosinht — yg coshtsin s, yg coshtcos s, s), t € R,

r(s,t) = (zo & yo cosht — ygsinh tsin s, ypsinh t cos s, s), t € (0, 4+00),

1) =
T
se( 5 27rk——|—27r/<;),k€Z

(resp., is one of such surfaces). All these surfaces are stable in the sub-

Riemannian sense and thus in the Riemannian sense.



Also in this subsection, we introduced a new family of non-left-invariant

sub-Riemannian structures using another orthonormal basis

0 0 0 0
H:y%_&a}ézya_yaig:%a

for which we also proved a classification theorem:

e~ —

Theorem 4.5 Let a sub-Riemannian structure on SL(2,R) be defined by a

two-dimensional horizontal distribution H = X+, where

1
X = (AY] + Yz + Y3)

/)\2+M2+1

and A # —1. This sub-Riemannian structure allows vertical minimal surfaces

only for A=0 and A = 1.

If p # 0, then a connected (resp., complete connected) vertical surface is
manimal if and only if it is a subset of a Fuclidean half-plane x = x¢ for A =0
or of a Euclidean half-plane z = zy for A =1 (resp., is such a plane).

If =0 and A = 1, then a connected (resp., complete connected) vertical
surface is minimal if and only if it is a subset either of the Euclidean half-plane

2z = zy, or of a cylinder parameterized as
™ T
r(s,t) = (s,yocost,zo + \/it) , seER, te (—5 + 27T]<J,§ +27rk:) ,

where k € Z (resp., is one of such surfaces).

If w = X\ = 0, then the connected (resp., complete connected) vertical surface
is minimal if and only if it is a subset of a cylinder (resp., is a cylinder) over
a geodesic in the hyperbolic plane.

All these surfaces are stable in the sub-Riemannian sense and thus in the
Riemannian sense.

All of the results listed above are new. In particular, the results of Chapter

3 allowed us to consider in Chapter 4 extensive classes of invariant and non-



invariant sub-Riemannian structures on three-dimensional Lie groups that had
not been studied before.
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