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Jucepraliifo MPUCBAYE€HO BUBYEHHIO JIIHIHHUX JindpepeHIliajibHUX PIBHAHD 3
HEOJIHOPIJIHICTIO y BUIJIsAI (DOPMAIBLHOTO CTEIIEHEBOT'O Py HaJl KOMYTaTHBHU-
MU KLJIBIEIMHU Ta HEeABHUX JIHIMHAX PI3SHUIEBUX PIBHAHD HaJl KOMYTaTUBHUMU
K1JIBITSIMU.

Ilepmmii po3ia npucssidennii icTopil BUBYEHHST MATAHb, PO3TJISTHYTAX B
jcepraliil. TakoxK TaM HaBeJIEHO CTUC/UN OINKUC KOHCTPYKIIH, 0 SKUX B I
pobOTI OyNYIOThCS aHAJOTH, a TaKOXK C(hOPMYyJIbLOBaHI BiOMI pe3yJbTaTH, IO
BUKOPHUCTOBYIOTHCS B TOJIAJIBIIIOMY.

Y apyromy po3OiJIi po3TiisgaeThCsl HACTYIIHE JiiHiiiHe audepeniiajibHe
piBHsIHHS 31 cTajuMu KoedillleHTaMu Ta HEeOIHOPIAHICTIO y BUIVIsII (bopMaib-

HOTO CTENEHEBOrO Psijly HAJl KOMYTATHBHUMHU KLIbLISIMU:
amw ™ () + a1 w ™ (@) + ..+ agw” (@) + o' (@) + aqw(zx) = f(x), (1)

ne f(x) € popMaTbHUM CTEMEHEBUM PSIIOM, Ay, . - - , Gy, 1 KODIEHTH (hOPMATTh-
HOTO CTereHeBoro psjy f(z) Hajgekarh JesdKOMy KOMYTATHBHOMY KiJbiio K 3
OJIMHUIICIO, & PO3B’SA30K MIYKAEThCs B Kbl (DOPMAJIBLHUX CTEIEHEBUX PSIJIB 3
koedinienramu 3 K.

Hac nikapiisiTh nuralHst €MHOCT] Ta icHyBaHHs po3B’si3Ky piBHsiats (1)), a
TaKOXK sABHA (PopMysa ado MeTOJ| 3HAXOKEeHHsI Iboro po3B’si3Ky. B auceprariil
OTPUMAaHUIi TIOBHUI OIIUC CUTYAIil, B IKUX Tle PIBHAHHS Ma€ €JUHNN PO3B’ SI30K
y BUIAJKY, KOJIA TIpaBa JacTHHA € MoJiHOMOM. [[jisi BUBUEHHST BUNAJKY, KOJIN

1paBa JactrHa € (popMaJbHUM CTEIIEHEBUM PsIJIOM 3 HECKIHYEHHOIO KlJIbKICTIO



HEHYJILOBUX KOedilieHTiB, BBeJIeHU (popMaibHUN PO3B’S30K 1[HOTO PIBHSHHS,
SIKWI € CyMOI0 (DOPMaJIbHUX CTEINEeHEeBUX PsJIiB, 1 JIOBEJIEHO 1110, AKIIO Iigd CyMa
€ KOPeKTHO BW3HAYEHOW, TO BOHA € pOo3B’s3koM piBHsHHs (|l (Hacmizok 2.1).
Hosejieno, 1o (popMaJbHII PO3B’I30K € KOPEKTHO BU3HAYEHUM PSJIOM Y KiJib-
i K 3 JIMCKPETHOIO TOMOJIOTIE0 TO/I 1 TIIBKK TOJI, KOJIM HEOMHOPIIHICTD f ()
€ TOJIIHOMOM. J3HaiiJieHl yMOBH, 3a siIKUX (hOpMasbHUIT PO3B’SI30K € KOPEKTHO
BU3HAUYEHUM, $KIIO Kljiblle K € KijiblieM HOpMYBaHHS MOBHOI'O 110Jisi XapaKTe-
PUCTUKHU HYJTh 3 HEapXiMeJIOBUM HOPMYBaHHSAM. TaKMM UMHOM 3HaMIeH] JTOCTa-
THI YMOBHU iCHYBaHHS 1 €IMHOCTI PO3B’A3KY PIBHIHHSI 1 ABHUM BUIJISL]T 1[HOTO
PO3B’SA3KY.

OcCHOBHUM PE3yJIbTATOM PO3JIIY € HACTYIIHA TEopeMa.

Teopema (docmamms ymosa ichysarms i edurnocmi pose’sadxy). He-
xait F' oBHE BIIHOCHO HeapXiMeJIOBOrO HOPMYBAHHS | - | MOJIe XapaKTepUCTUKHI
Hysb, K — fioro inbie nopmysamas, |ag| = 1 ta |a;| < 1 maa Beix 1 < i < m,

a ¢ € K 3aJ10BOILHSIOTH PIBHICTH
1 1 2
(ams™ + am-18"" + ...+ a1s+ag) " =co+ 18+ s +oegsd 4. (2)

Toni pat w(z) = > ey e f ¥ () s6iraernest B K |[[2]] B Tononorii nokoedirien-
THOT 3012kHOCTI 1 #oro cyma € ejunum B K [[x]] poss’sskom pisnsitust ([1)).
Leit pe3ysbTaT YTOUHIOETHCS JIJIs KIJIbIA JIUX P-aJUuIHUX YACE].
Teopema. Hexaii ag,aq,...,a, € Z nini. Toxi piBHIHHA Ma€ €IMHUM
PO3B’s130K 3 Zy|[x]] 1151 Oy 1b-SIKOTO IPOCTOTO P, IO HE € JIBHIKOM .
TakoxK y BUIIAJKY KiJIbIs HOPMYBAHHSI HEAPXIMEJIOBOI'O T10JIs BBEJICHO CIIe-
1iaJibHe HOHATTS 3rOPTKU (POPMaJibHOI'O Psijty JlopaHa 3 Biji'€MHUMY CTElIEeHSIMU
1 (bOpMAJILHOTO CTENEHEBOTO PSIJTY.
Osnavenns. Hexaiiq; — 08 K, Q=) ;"% € 1K[[1]]i f € K[[z]]. 3a
O3HAYCHHSAM TOKJIAJIEMO
S (=)
(@ = f)(z) = Z (_1)Z%‘+1T
i=0 ’
[TobymoBano anaJjor pyH1aMeHTaIbHOIO PO3B A3KY JudepeHIiaJbHOTO Olle-

paTopy, TOOTO JOBEJEHO, 110 38 YMOBHU ICHYBaHHsI, PO3B’SI30K MOXKHA IIPEJICTa-



BUTH y BUIJIsiIl 3ropTKU opMasbHoro psijty Jlopana, skuii 3aJeKuTh TLIHKHI
B1J| TPABOl YACTUHU PIBHAHHS, 3 HEOJIHOPITHICTIO.

Teopema. [Ipumycrumo, 110 BUKOHYIOTHCST YMOBH TEOPEMH TIPO 1CHYBAH-
He 1 equHicTb po3B’a3ky piBastaHs ((1). Tomi enuuuit poss’ssok 3 K[[z]] mporo
piBastnug Mae Burisg w(z) = (€ * f)(x), ne E(x) = 1y ck(_xi—rlk!

Tperiit po3aia npucBsYeHNt BUBYEHHIO HESIBHUX JIHIHHUX PI3HUIIEBUX

PIBHSIHD HAJ| KOMYTATUBHUMU KIJIbISIMU BUJLY
A Wptm + Ap—1Wpym—1 + ... + GoWy, = fna (3)

JIe ag, ..., Ay 1 f, 075 Bcix n > 0 HaJIeXKaTh JIEIKOMY KOMYTATUBHOMY KIJIBITIO
3 OJIMHUIIEIO.

Hac mikaBuTh nUTaHHs €TUHOCTI 1 ICHYBaHHS TaKOl IOCJIIOBHOCT1 €JIeMeHTIB
Kbt K, sika O 3aJI0BOJIbHSLIA 1€ PI3HUIEBE PIBHSHHS. AHAJIOrYHO JIO TOTO,
sIK 11€ 3p00JIEHO B HONEPEeHbOMY PO3/IiJil, OTPUMAHO [OBHUM OIKC CUTYyaIliil, B
SIKAX TIe PIBHSIHHSI Ma€ €IUHUI PO3B’sI30K y BUIAJKY, KOJU IIpaBa JacTUHA, €
diniTHOIO MOCHiOBHICTIO. J[JIsi BUBUEGHHS BUIAJIKY, KOJU IIpaBa YaCTUHA € He-
diniTHOIO, BBejieHNI (POpMaJIbHUI PO3B’A30K 1bOI'0 PIBHSHHS 1 JIOBEJCHO 1110,
SIKINO BiH KOPEKTHO BU3HAUYEHWIl, TO BiH € po3B’si3koMm piHsiHHs (3]) (Hacaigok
3.1). Hosejeno, 1o dpopMasibHuii pO3B’S30K € KOPEKTHO BU3HAYCHUM DsijIOM Y
KUTbII K 3 JUCKPETHOIO TOMIOJIOTIEI TOMI 1 TIALKU TOMl, KOJHU HEOTHOPITHICTD
€ ¢iHiTHOW0. 3HalIeH] YMOBH, 33 AKKX (POPMaJbHUI PO3B’'I30K € KOPEKTHO BHU-
3HAYEHUM, SIKIIO KiJiblle K € KiJIbIIeM HOPMYBaHHs TMOJIsi XapaKTEPUCTUKN HYJIb
3 HeapXiMeJOBUM HOPMYBAHHSIM. TaKUM YMHOM 3HaMICH] JIOCTATHI YMOBU 1CHY-
BaHHs 1 €JIMHOCT]I PO3B’5I3KY PIBHSIHHS 1 SIBHUW BUIJIsAJL IbOI'O PO3B’SIBKY.

OJIMH 3 OCHOBHUX pe3yJIbTATiB I[LOTO PO3JILIY — IIe HACTYIIHA TeopeMa.

Teopema (docmamns ymosa ichysarms i edurocmi pods’ssxy). He-
xail [’ moBHE BIJIHOCHO HEapxiMej0BOTO HOPMYBAHHSI | - | TTOJIe XapaKTepuCTHKA
HyJib, K — ioro kisibiie HopmyBanus, |ag| = 1 ta |a;| < 1 gz Beix 1 <4 < m, a
cr € K 3aJ10BOJIbHAIOTH PIBHICTD . Toui pstjm w,, = ZZOZO C frnik 30IrarOTHC
B KitbIi K 1 MOCTIOBHICTD IX CyM € €IUHAM B K No po3B’s13KOM piBHSHHS (13))-

Leit pe3yabraT MOXKHA IIepedOopMyJIIoBaTH JJjisd OyJ/ib-AKOI'O IIOBHOIO ¢a-



KTOPIAJbHOTO KIJIbIlH, Y TOMY YHCJ KUIBIA HIJIAX P-aJIWIHUX TUCES 1 KIIbIA
dpopMaIbHIX CTEIEHEBUX PsIJIiB.

Teopema. Hexaii kinbne K — dakropiaabie, none F = Frac(K) nosue
BIJIHOCHO HOpMyBaHHS | - |, Bcl a; a1 < j < m gliarscsa Ha v, a qp He
IauThbed Ha v. Tomal paaum w, = ZZOZO Ck frnir 30irafoThCs B KisibIll K, a mociii-
JoBHICTD iX cyM € eannnmM B KN poss’askom pisusans ((3)).

Bijibln jleTajbHO BUBYAETHCS PI3HUIIEBE PIBHSIHHS [IEPIIOTO HOPSAJIKY B Kijib-

111 TIOJTIHOMIB

b(2)wni1(z) = a(z)w,(2) + fu(2), b(2),a(2), fu(z) € K[z], n=0,1,2,....
o
Jl1st HBOTO yTOUHEHUI MoNepejiHIli pe3yJibTar.

Teopema. ko icuye rake 2o, 1o b(zg) = 0, a a(zy) # 0, T0 abo nocJi-
JIOBHICTB CyM (DOPMAJIbHUX CTEHEHEBUX PsiiiB Wy (2) = D o % foyi(2), n =
0,1,2,..., € HOCTIJOBHICTIO TIOJIHOMIB, IO 3a/I0BOJIbHSIE PIBHSHHS , 200 1€ PiB-
HAHHS HEe Ma€ MOJIHOMIaJIbHOTO PO3B SI3KY.

Hacrymai TeopeMu € ofHUME 3 OCHOBHUX PE3YJIbTATIB PO3/ILIY.

Teopema. Hexaii a(z) = 1. ko dopmanbhuit crenenesuit psj wo(z) 3 €
TIOJIHOMOM, TO BCl HACTYTHI Wy, (2) TAKOXK € TOJIHOMAM.

Teopema. Hexaii dega < degb. Zkimo moc/ijoBHicTh MOMHOMIB Wy, (2) €
PO3B’I3KOM PIBHSIHHA , TO ICHYE TaKuii HOMeD k Jj1s1 IKOI'O BUKOHYETLCS HEpiB-
aicth degwy < deg fr — degb + dega.

YerBepTuii po3aija NpucBaUeHO OLIbII JIETAILHOMY BUBYCHHIO PiBHSAHDL
IEpIIOro MOPSJKY HaJl KIILIEM IINX 9hcesl. B HboMY pO3IVISHYTO omepaTopHe
piBusauans (Aw)(z)+f(z) = w(z), ne w(x) € Z|[[x]] i omepatop A nie na KurTasaT
Alwy + wir + wex? + ...) = cqwy + aowex + azwzx? + ..., gKe y3arajbHIoE
sk audepeniianbie (SIKIO oy, = n), Tak 1 pisauiene (Ko o, = b) piBHHHSI
IEPIIOro MOPsIKY. PO3IISHYTO G-aJuuHy METPUKY 1 TONOJIOIIO, 1IOB A3aHy 3
MOCJIIIOBHICTIO (v, Ha KIJIBII IIJIUX YUCEJT 1 TOMOBHEHHS Zg 3a I1€I0 METPUKOIO.
11 po3rIIstHYyTOrO ONEepaToOpHOro PiBHSHHS JIOBEJIEHO HACTYIIHI TEOPEMH.

Teopema. Pisusanua (Aw)(z) + f(x) = w(zr) mae exunuii pos3s’s30K



w(z) = f(x)+ (Af)(x) + (A2 f)(z) + (A3 f)(x) +. .. B Zs[[x]], ne pan B npasiit
dacTuHi piBHOCTI € 301kHUM B Zg[[z]] B Tonosorii nokoedinienTHoi 361k HOCTI.
Teopema. Hexait f € Z[[z]], f(z) = fo+ fix + for? + .. .. Hacrynmi

TBep,IL)KeHHH € eKBiBaﬂeHTHHMH:
L. fo+aifi + araafas + cranasfs + crovasasfs+ ... € Z B Ly,

2. PiBugnua Aw + f(z) = w mae po3s’s30k B Z[[z]].

HacninkaMmu 1€l TeopeMu € HACTYTHI KPUTEPIil, K1 1 € OCHOBHUMU PE3YJIb-
TaTaMU 1HOTO PO3JILITY.

Teopema. Hacryini TBepji»KeHHSI € €KBIBaJICHTHUMU:
o n . .
1. Icnye rake ¢ € Z, mo Y, _ nlb" f,, = ¢ B Z), auist Bcix npocTux p.

2. PiBusinng bw'(z) + f(x) = w(x) mae poss’sizok 3 Z[[z]].

Teopema. HacrymHi TBep/:KeHHS € €KBiBaJEHTHUMU:

1. Icnye raxe ¢ € Z, wo >~ 0" f, = ¢ B Z, juist BCIX p, siki € upocrumu

JTIbHAKaMu b.

2. PiBugnna bw + f, = w,.n > 0 Mae mMJodYnceSbHN PO3B’ A30K.
n+1 n ny, N = IT p

Y mw’aroMy po3idi Jginiitne nudepenmniaanbae 1 JiHiiiHe pI3HUIIEBE PIBHSIH-
Hel ( 1 HaJI KLJIbIIEM HOPMYyBaHHs K 1MOBHOI'O HEapXiMeJI0BOIO 110Jisi PO3IJIsi-
natorbest y Burism cucremu Aw = £, e £ = (fo, f1, fo, .. .)7. [losnauarumemo
A, Marpuio, 1mo orpuMana 3 Marpuili A 3aMinoio n + 1-oro cToBIIs Ha Be-
krop f. 3a A, , N0o3HAYMMO TOJIOBHUI KyTOBHH MIHOD 7 + 1-r0 HOpAAKy Ii€el
MaTpuIl, a 3a A, — roJIOBHU KyTOBHit MiHOp 7+ 1-T0 nopsiaky i€l marpuii A.
Hexait BusHaUHMKY HECKIHUEHHUX MaTPHUIb 3HAXOJATHCs SIK HACTYIIHI I'DAHMII

nocstizoBHoOCTeH B K 3a HOpMyBaHHAM | - |:
det A = lim A,, det A, =lim A,,,n=1,2,3,...
r—00 r—00

OcHOBHUME pe3yJibTaraMi PO3/ILIY € HACTYIIHI TBEP/KEHHSI IIPO Te, 10 IPH
BUKOHAHHI YMOB T€OpPEM IIPO €IMHICTD 1 ICHyBaHHs PO3B’I3KY, €IMHUI PO3B 30K

IUX CUCTEM MO2KHa 3HaXOJUTH 3a JOIIOMOI'OIO ITpaBHJIa KpaMepa.



Teopema. Hexait BUKOHYIOTHCS yMOBU TEOPEMU 1TPO ICHYBAHHS 1 €JIMHICTD
PO3B’A3KY PiBHsSAHHS iay = 1. Toji koedilienTn €JIMHOIO PO3B’I3KY PiB-
asaana (1) 3 kigpng K[[z]] Moxma 3Hajdité 3a momomoroio mpasuia Kpamepa

det A, __ _
wy, = ‘g =det A,,n=0,1,2,....

Teopema. Hexait BUKOHYIOTbCS YMOBH TeOpeMU PO ICHYBaHHS 1 €JIUHICTD

PO3B’A3KY PIBHAHHS 1 ay = 1. Toxi enunuuit Po3B’I30K OO PIBHSAHHS Ha/I
KijgbileM K MOXKHa 3HAlTH 3a JIONOMOTOI0 aHaJjora npasusia Kpamepa w, =

dt-An —
i, n=012....

KorodoBi cioBa: JiniliHe judepeHIiiajgbie piBHSIHHS, JiHIHE pi3HUIe-

Be PIBHSIHHS, JIIHI{iHE ollepaTopHe PIBHSHHS, TEOPEMU €JWHOCT 1 1ICHYBaHHS,
1oJIiIHOMY, (POPMAaJIbHI CTENEHEeBl psijik, HIJIOYUCEIbHI PO3B’A3KM, HeapXiMeo-
Bl 10Jisl, KUIbIA P-aJIMUHUX YWCeJ, HeCKIHYEHH] JIIHIAHI CUCTEMU, HECKIHYeH-
Hi MaTpwuil, dpopMasbhi y3araabHeni dHyHKIHT (po3noian), dbyHIaMeHTaTbHAil

pPO3B’s130K JinpepeHIliaabHOIo olneparopa, 3ropTKa,
ABSTRACT

Anna B. Goncharuk. Algebraic constructions in linear differential equations
and in the theory of implicit linear difference equations. — Qualification scientific
work is as a manuscript.

A thesis on the degree of doctor of philosophy: Specialty 111 — Mathemati-
cs (Mathematics and statistics). — V.N.Karazin Kharkiv National University,
Ministry of Education and Science of Ukraine, Kharkiv, 2023.

The thesis is devoted to the study of linear differential equations with
inhomogeneity in the form of a formal power series over commutative rings
and implicit linear difference equations over commutative rings

The first chapter is devoted to the history of questions considered. This
section also provides a short description of the structures whose analogs we will
introduce and formulates the known results used in the thesis.

In the second section, we consider the following linear differential equati-

on with constant coefficients and inhomogeneity in the form of a formal power



series over commutative rings:
amw™ () 4+ @y w ™ V(@) + . 4 aw” (2) + aw' () + aqw(x) = f(x), (5)

where f(z) is a formal power series, ag, ..., a, and the coefficients of formal
power series f(x) belong to some commutative ring K with identity, and we are
looking for the solutions from the ring of formal power series with coefficients
from K.

We are interested in the uniqueness and existence of a solution to ({5)) and
an explicit formula or method for finding the solution. This thesis provides
a complete description of the situations in which this equation has a unique
solution in the case when the right-hand side is a polynomial. To study the case
when the right-hand side is a formal power series with an infinite number of non-
zero coefficients, a formal solution of this equation is introduced, which is the
sum of formal power series, and it is proved that if this sum is correctly defined,
then it is a solution of the equation (j5)) (consequence 2.1). It is proved that the
formal solution is a well-defined series in a ring K with discrete topology if and
only if the inhomogeneity f(x) is a polynomial. The conditions under which the
formal solution is correctly defined are found if the ring K is the valuation ring
of the complete field of characteristic zero with non-Archimedean valuation.
Therefore, sufficient conditions for the existence and uniqueness of the solution
of the equation ([5)) and the explicit form of this solution are found.

The main result of this section is the following theorem.

Theorem (sufficient condition for the existence and uniqueness
of the solution). Let I’ be complete with respect to the non-Archimedean
valuation | - | field of characteristic zero, K — its valuation ring, |ag| = 1 and

la;| < 1 for any 1 < i <m, and ¢, € K satisfy the equality
(ams™ + p18™ . FasFag)  =cpt st st ezss+.... (6)

Then the series w(z) = > o, cx f¥(2) converges in K [[z]] with respect to the
topology of the coefficient-wise convergence. Sum of this series is the unique

solution of (5] in K[[x]].



This result is specified for the ring of p-adic integers.

Theorem. Let ag,aq,...,a, € Z be integers. Then equation has a
unique solution in Zy[[x]] for any prime p, that is not a divisor of ay.

Also, in the case of the valuation ring of a non-Archimedean field, we
introduce a special notion of convolution of the formal Laurent series with
only negative degrees and the formal power series.

Definition. Let ¢; — 0in K, Q = Y )7, % € 1K[[2]], and f € K[[z]].
By definition, put

An analog of the fundamental solution of a differential operator is
constructed, i.e., it is proved that if the solution exists, it can be represented as a
convolution of the formal Laurent series, which depends only on the right-hand
side of the equation, with inhomogeneity.

Theorem. Assume that the conditions of the existence and uniqueness
theorem for the equation () are hold. Then the unique solution in K{[x]] of this
equation could be written as w(z) = (€ * f)(x), where E(x) = > 77, ck(;i—)flk!.

The third section is devoted to the study of implicit linear difference

equations over commutative rings
AmWptm + Cp—1Wnptm—1 + ... + QW, = fn; (7)

where aq, ...,a, and f, for all n > 0 belong to some commutative ring with
identity.

We are interested in the uniqueness and existence of a sequence of elements
of the ring K that satisfies this difference equation. Similarly to what was
done in the previous section, we obtain a complete description of situations
in which this equation has a unique solution in the case when the right-hand
side is a finite sequence. To study the case when the right-hand side is infinite,
a formal solution of this equation is introduced, and it is proved that if it is

correctly defined, then it is a solution of the equation ([7]) (consequence 3.1). It is



proved that the formal solution is a well-defined series in a ring K with discrete
topology if and only if the inhomogeneity is fifnite. The conditions under which
the formal solution is correctly defined are found if the ring K is the valuation
ring of the complete field of characteristic zero with non-Archimedean valuation.
Therefore, sufficient conditions for the existence and uniqueness of the solution
of the equation (7)) and the explicit form of this solution are found.

One of the main results of this section is the following theorem.

Theorem (sufficient condition for the existence and uniqueness
of the solution). Let F' be a complete with respect to the non-Archimedean
valuation |-| field of the characteristic zero, K — its valuation ring, |ag| = 1 and
la;| < 1forall 1 <i<m,and ¢; € K satisty the equality (6). Then the series
Wy = Y oo Crfnrr converge in K and the sequence of sums of these series is
the unique in K™ solution of (7).

This result can be reformulated for any complete factorial ring, including
rings of p-adic numbers and rings of formal power series.

Theorem. Suppose the ring K is factorial, the field ' = Frac(K) is
complete with respect to the valuation | - |,, all a;, 1 < j < m are divisible by
v, and ag is not divisible by v. Then the series w,, = Y, ¢k futk converge in
the ring K, and the sequence of their sums is the unique in K™ solution of .

The first-order difference equation in the ring of polynomials

b(2)wni1(2) = a(2)w,(2)+ fu(2), b(2),a(z), fu(2) € K[z], n=0,1,2,... (8)

is studied in more detail. The previous result is specified for it.

Theorem. If there exists zy such that b(zp) = 0, and a(zp) # 0, then either
the sequence of sums of formal power series wy,(z) = Y .2, ab%lz()z)fnﬂ(z), n =
0,1,2,...,1s a polynomial solution of the equation or this equation has no
polynomial solution.

The following theorems are some of the main results of the chapter.

Theorem. Let a(z) = 1. If the formal power series wy(z) is polynomial,

then all other w,(z) also are polynomials.

Theorem. Let dega < degb. If the sequence of polynomials w,(z) is a
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solution of the equation (§]), then there exists number & for that the inequality
degw; < deg fr — degb + dega holds.

The fourth section is devoted to a more detailed study of first-order
equations over a ring of integers. It considers the operator equation (Aw)(x) +
f(z) = w(x), where w(x) € Z[[z]] and the operator A acts as follows A(wy +
w T + wex? + .. ) = aqwy + avwsx + aswzx® + ..., which generalizes both a
differential (if o, = n) and a difference (if a,, = b) equation of the first order.
We consider the a-adic metric and topology associated with the sequence «,,
on the ring of integers and the completion of Z4 by this metric. The following
theorems are proved for the considered operator equation.

Theorem. The equation (Aw)(z) + f(z) = w(x) has a unique solution
w(z) = f(x)+ (Af)(2)+ (A2 f)(z) + (A3 f)(z) +. .. in Za[[z]], where the series
on the right-hand side of the equality is convergent in Zs[[z]] with respect to
the topology of coefficient-wise convergence.

Theorem. Suppose f € Z[[x]], f(z) = fo+ fix+ fox®+. ... The following

statements are equivalent:

L. fo+ a1 fi + a1 fo + cronasfs + ajasazasfs + ... € Zin Zg;

2. The equation Aw + f(x) = w has a solution in Z[[z]].

The consequences of this theorem are the following criteria, which are the
main results of this section.

Theorem. The following statements are equivalent:
1. There exists ¢ € Z such that >~ nlb" f, = ¢ in Z, for all prime p.

2. The equation bw'(z) + f(z) = w(x) has a solution in Z[[x]].

Theorem. The following statements are equivalent:

1. There exists ¢ € Z such that Y~ 0" f, = ¢ in Z, for all prime divisors
of b.

2. The equation bw, 1 + f, = wy,,n > 0 has an integer solution.
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In the fifth section, the linear differential and linear difference equations
and over the valuation ring K of a complete non-Archimedean field are
considered as the system Aw = f, where f = (fy, f1, f2,...)T. Let us denote by
A, the matrix obtained from matrix A by replacing the n + 1th column with
the vector £. We denote by A, , the principal corner minor of the r 4 1th order
of this matrix, and by A,the principal corner minor of the r 4+ 1th order of this
matrix A. Suppose that the determinants of infinite matrices are the following

limits in K with respect to the valuation |- |:
det A= lim A,, detA, =1lim A,,,n=1,2,3,...
r—00 7—00

The main results of the chapter are the following statements: under the
conditions of the uniqueness and existence theorems, the unique solution of
these systems can be found using Cramer’s rule.

Theorem. Let the conditions of the existence and uniqueness theorem for

the solution of hold and ay = 1. Then the coefficients of the unique solution

det A, __
det A

of in the ring K{[z]] can be found using Cramer’s rule w, =
det A,,n=0,1,2,....

Theorem. Let the conditions of the existence and uniqueness theorem
for the solution of hold and ap = 1. Then the unique solution of this
equation over the ring K can be found by using an analog of Cramer’s rule
wy, =% n=0,1,2,....

Key words: linear differential equation, linear difference equation, li-

near operator equation, uniqueness and existence theorems, polynomials, formal
power series, integer solutions, non-Archimedean fields, ring of p-adic numbers,
infinite linear systems, infinite matrices, formal distributions, fundamental

solution of a differential operator, convolution



